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sane Paralle1a Between Predictive Diacriminant Anlllyaia 

and llll.tiple Regresaicn 

'1'he pupoae of thi8 paper ia to cutline 11C1D1 UIX)rtmt: 

aimilarities in, and differencee betwen, predictive diacrildnant 

analyaia em> and IIUltiple regr•icn (MR). '1'bl areu CONred, 

cboeen for their inp)rtance and need for clarificatim, are eatmat:ea 

of lll0del accuracy, bypotbe8ia t:eeting, and ncn-leut acpu:• m:Sela. 

sane of the parallel.a are well known, mare 1 ... wll known, and 

11C1D1 appear to have not yet been ccnaiderm at all. ,. 
I ' I ' ' ' ' ' ' 

It ia wll known that wt. 1) only two vroupa are invol.V.S, 2) 

the two popilaticn predictor covarllnce •trioea are u.....S -,al, 

and 3) the� prior prcbabiliti• of 9roup md>erabip are taken to 

be equal, the popilar 9minialn chi-.quare .ru1e• ('fat:auoka, JJ71, P• 

218) UIIOCiated with diacriminant' analyaia Cm) ia ecflivalent to

prmictin; a dichotaDoua cdtedcn variable via lllltiple regr .. icn 

(MR) Mthoda and cluaifyin; a aject: � the 9roup for wbicb the 

predicted cdtericn ia nearer the actual. An eapecially tnli9ht:.eni.nla 

exainlticn of thi8 and 101111 other lllltivariate tecmiquea fran the 

91Mral perapect:iw of MR 1a pr:wided by riury a liedwyl (1985) • 

aowv.r, a precauticn about the ecfli valence of tt,o-vroup 

cluaificaticn and lllltiple regr .. icn with a dic:hc>tc11D.18 cdtericn 

1a appropriate. In a tvo-9roup aituaticn, there 1a aw lineu 

diacdminant functicn (ID') and there are blo lineu cluaificaticn 

funct:icna (u:Fa) , an UR and an r.a are aUll)ly limar ccq,oaitea of 

- .
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Parallels 2 

tbe predictors. It ia true in a two-group ccntat tmt tbe 

regreuicn wights are proporticnal to tbe aingle ■et of UI" weights. 

Nben -'a linear regreuicn functicn (Ia) or an UI" ia UNd for 

cluaificaticn p.irpceea a cut-off critericn needs to be detemined -

with an Ia it ia midway between the two valuee by vbich the 

dichotaaoua critericn ia ceded, with an UI" it ia llidlay between the 

UI" 11111118 for the two 9f0UPfl• With the uae of :taa, there ia no cut­

off per .. , rather a unit ia cluaified into the group with vbich ia 

uaociated the larger :ta acore. It turns cut tmt tbe reapectiw 

:ta weight differences are proporticnal to the correapcnling UI" and 

(therefore) the lR" weight:a. 

lnpJt acor• for an lR", an UI", ancS an :ta are typically 

predictor variAlble NUUHao (Aa stated lbove, any of tbe thr• 

linear ccq,oeite types my be uaed for a two-gr:oup cluaificaticn 

prcbi..J It tum■ cut that another, atill equivalent, � to 

blo-9roup cluaificaticn •Y be -10J915• a.re, cne UN■ ID' acor• 

for NCb unit u inpJt for an ia, we tb.aa _,., 1n NNnele, a aingle 

predictor ■core for NCh unit. 

wt.n venerali1ing fran a bfo-9roup probl• to a k-group prcbl•, 

it ia ldvialble to fo[9et tbl UI" ancS ID' IR)tOIChN and focua en the 

:ta approach, with predictor ....ur. u inpJt aoor•• 

lfttat;a at tlnde1 Aoc;Urq 

r.atiaticn of the crou-vaU.dated 10CUracy of a predicticn model 

offer• aimilaritiu and differencea between MR and Di\ ..t:hoda. In 
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Parallel8 3 

both Di\ and Ill the r...uc:ber IIU8t decide llbat type of crou-
,1'., 

validat:.a accuracy is of CClnCUne Por iMtanee, is interNt in 

aiJlliii,y Mtiating an accuracy inlSa parameter frc:111 the uaociat:.a 

atatiatic, tbllt ia, eatiating the index of accuracy er or pucent 

of •bita•, reapectivel.y) that lll0Uld d>tain in the popalaticn frca 

that ... index in the lalll)le, or ia interMt in the accuracy that 

lll0Uld cbtain m applicaticn. of a,mpe q,tillh.S wighta to alternate 

�- fmn the - papulatiat? !he C0l'l0etn in tbia paper will be 

With the latter type of accuracy. 

As in an eatilate of croaa-17alidat:.a Ji1. in Ill, a :t� of Di\ 

•bit-rate• bued at the calibratiat � .ta optt11t1ticll11y biued

in reference to eppl.icatim to alternate �- '1'o Mtiate a 

crou-wlidat:.a nmlt in Ill, another decision that IU8t be llllde ia 

wbetber intereat ia in relatiw accuracy, u anUeated in the 

correlatiat of 1' and 1', or in llbeolute accuracy, u anii.ted in the 

•• Jn either cue, Nftra1 fonula eetuatea are awUlble , ..

tilerty • Nourad, ueo, Jollboca, 1178) • J:t ia p,:oblb1e that in .­

predu:tiw UN8 ot MR in the bebllvioral acitn011, IUCh u in 

perlOnnel Nltcticn, oonoem ia With relatiw tiOCUraay. 

tiike in IB, the oonoem in predu:tiw Di\ ia in cl.MaUioatiat 

accuracy, tbia ia illalicitly a oonoem ot lbeolute eocuracy. A 

fomalA eetuate for cirou-wlidat:.a bit-rate in the 91Mral k-carcup 

cue bu larvely elucSed lllthodologiata. aowv.r, a UNful, al� 

001¢icat:.a, fomalA eatilate for croa-wlidat:.a bit-rate in the 

blo-9roup cue IU dedwd by McLachw\ (1'75) • According to that 
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Parallel.I' 

estilator, the hit rate, Pg for group g, where g • l or 2 iaa 

Pg • l - P(-o/2) - f(-o/2) { (p - 1)/Cllng)

,{D[4(4p - 1) - n2J/(32a) + (p - l) (p - 2)/(fDag2) 

+ (p - 1) [� + 8D(2p + 1) + 1'A)J/(64a>g)

+ D[ll>6 - 4D4(24p + 7) + 16n2c.cap2 - 48p - 53)

+ 1J2(-8p + 15)J/(msam2)),

where P 1a the at:anaud norml diatributic:Jll functicn, i.e., P(-o/2) 

1a the ar• to the •1eft• of -o/2, f ill the atarmid noia.J. dimity 

functicn, D 1a the Mahalancbia distance, p ill the llllber of predictor 

vadablea, � ill the rud:ler of aubjec:ta in group g, 1111d • • n1ffi;2-2• 

1fbile the formla look• fomddlble, With patimae, it iii celo1Jab1e 

With a bind-held calc:ulator. Moreov.r, u the lut teaa in the 

ll'ltiplier for f(-o/2) is UIUllly wry ..U, one •Y chooN to 

ignore it, mking the fomila • IIWll -,re tract:lble. If the reN11rcher 

With an orientaticn towud MR not. that n2 • a2-(&-2)/(1-tt>2n111;2, 

thm the llc:Llchlan Mtilator of ccou-valJ.dat.s hit-rate OIi\ be 

cbtainld fraa the a2 reaultin; fem re;nuin; the � 

critedcn en the precl.t.cton. 

0nt ali9ht,ly •umervin;9 upect of the llct:ecblan •tuator is 

tblt it can yield Mtilat.s hit-ratN tblt are llmu thin thole tblt 

are Mtuated frcm the known pc,eiti91ly biued proceA of 

reclauitying the calibraticn NIii)).• (Morris, M>erty, 1'M1 1987). 

'1'hia 1a unlike the cue in MR where the •abrunk1n• ll'ltiple 

correlaticn is nece11arily 1 ... thin the value of the ll&lltiple 

correlation derivecS fran the calibration llllll)le. 'J.'he explanation for 
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Parallels 5 

t:hia apparent paradox betwen atb0d8 ia that Ntilator• of the .. 

crou-validated IUl.tipl.e correlation are functicn■ of the 

cortespcnding calibraticn ■mllU IUl.tipl.e correlaticn, mS are . 

therefore quaranqed to yield -JJ•r valUl8 thin t:bl uaple value. 

In this aenae, the McLlch1an bit-rate Ntilator ia not parallel to 

t:bl MR formla eatilator•• llbile it ia an Ntilator of cmu­

validaticn bit-rate, it . 1a· not a functim of the Cllibraticn uaple 

generated bit-rate. • Bather, it ia a functim of the lllhllanabia 

d1■tance between group■, u wl1 u other varilbl•• .. 'l'bat ia, ·it 

doee not •ilpl.y eatilate a parameter frca a functim of the 

correapcnlin; llt:atiatic u do IIR fom1Ja. Mtiator■• , , : 

An alternate ncqm1111tdc 1Wr:o10b to Mtiating croa­

validated bit-rate, which bu a wide foJ.loring in t:bl DA. literature, 

ia the •J.eaw-one-out• procecltn (IM)erty, 11841 IU>erty I Mourad, 

19801 Laclwmrucb I Mickey, 1M81 lblt:eller I 'l'Ukey, l.MI). Jn thia 

Nthod, a N>ject: ,ia clu■ifielS by ar.ip1ying t:hl cule dlri'NICS from all 

Sa except thl CM being clu■ifielS. '1'b1I prOOIN ia rtpMted •rounit­

rd:>in• for Neb N>ject: With a count of t:hl ov.rall cJuaification 

acouracy UNd to Ntilate tbl cm,u•vaUdated aoauraoy. 

CJ.early t:hl - •mm-rct,in• pcoc,adlare aan bl WIid to Mtilate 

eit:ber relatiw or ablolut:e aoauraoy in tbl UN of •• mS tu 

appearad in that oontat, With pedapa thl earu.t refeNnOe dlNt to 

Oollclb (1967). Jn a ayata int:enlW to Nlect optiml II\ predictor 

varabl• IN>Nt:■, Allen (19'71) coined the proce&lare •iw.ss,• mS he 

appear• to bl t:hl 110Urce lll0at often cited in the• literature. 

- ,

89 



Parallels 6 

b apparent 0CIIPJ1;ationll difficulties due to the inwraian of 

N •trices can be awid«I in both MR and D.\ by using a mtrix 

identity due to Bartlett (1951). !his identity ill cited and Wied 

aplicitly in introducing the tecmi(Jle in the D.\ ccnt:at by 

Lacberi:>rucb and Mickey (1968), but -■ not lllntic:ln.a by Allen in the 

firat: introductian of PRF.SS (1971) nor in its pr:eaentaticn in a later 

� (Allen , cady, 1982, p/254), althcugb the ■- identity-■ 

ilplicitly used. MoreoNr, Allen doeln't cite the D.\ literature and 

the parallel epplicaticn of the PRF.SS procaire. It appeara that 

this reaanpling proceaa-■ •inva,ted• imependently in the MR and D.\ 

literaturea. 

Pull D Bntric;t;,o MQOo1 Rypgt;haiJ 'J'cll:W 

A tecmi(Jle that 1a wll known and widely Wied by • reaeaz:chera 

1a that of �is a.ting through oantruting full and reatricted 

pr.uctian 1110dela. '1'tlt po1119r of this Mt:bo15, its generality, 1111! its 

applicability to • na Wide ar .. of theoretical -,..ticna in 

10111101 1a no doubt part of tbt nucn for tbt eatlbliatant: of tbt 

MtMIG Within AIM. 

,.,. ... types of mdtl contrast •upJ.Matory 1ncraant• 

CJ,!Nticna can be uktd 1111! ,_ to be at leut u auch potential 

interest wt. tbt cdtericn 1a claaaificaticn aacuracy. llowlWr, w 

know of m exalll)l• of this tecmiCJM being used in the literature. 

'J.'her• ■- to be no reason not to teat the differenoe in proporticn 

of correct claaaificaticna (bit-rate) between full and reatricted 
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Parallel8 7 

amela to amine aeaningful I\YPC)t:beNa, just u ia done using the r, 

in•• Die appropdate teat at:atiatic is NcNlaar'a (1M7) ccntrut 

between correlaud prq,ortiona. Moreover, u the index, •1•, of 

1ncr ... in claaificaticxl accuracy over chance (eee Huberty, 1984, 

p. 168) ia diatributm aillilarly, it bee mw apparant that auch a

teat would alao be appliclble to that ■tatiatic. 

An aaple of auch a bat from a 8tuc!y in vbicb the N.MNlqUlnt 

high IICbool dropout of a ■-()le of 76 children wa prerlict:.ed fz:an 

data available in fifth grade will now be preaent:c. b aix 

predictor varubl• wre gender, race (tx> level■), IUlber of 

.i..ntary IICboola in vhich the child hid been a ■tudent, the IUd>er 

of gredea the child hid repeat.I, the family ■tructure (living with 

at 1-■t one natural parant and no .. ot:Jllr adult, or not), and the 

child'• total IUd>er of fifth grade lbMncN. All w haft tNidlrlCI of 

the relationahip betvlln .both gllldt,: and race and the cdtedcn of 

bi9h IICbool dropout, the �i■ to be Ulted conoemec.t the 

■i9nific:anoe of tbl incraent to aluaifioation accuracy affocded by

ld&5in; the four •nan-o(91nimic• vad1bl• (rud>er of .i..ntuy 

ICboola, IUlber of grldla repeat.I, family atructun, and the total 

rud:>er of fifth grldl lbeenoN) to the prediction ll0de1 containing 

cnly v-,dlr and race. 

Cl&uifying the Ollibraticn 11111¢•, tbl proportion of correct 

cl&uifioation■ for the total Imel -■ 751 and for the ll0de1 

including cnly v-,dlr and race it -■ f31. A 2x2 table Wuatrating 

the rud:>er of bit■ and Id.ala for both 110del■ iaa 

- I 
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All Preclict:ora 

MISS B1'l' 

Gender and Race B1'l' 9 39 

MISS 10 18 

Parallels 8 

b teat atatiatic, z • 1. n� lll0Uld typically be conaiderld ncn­

aignificant (P • .08) ancl therefore offera no evidence that tbe 

I I 



accu.raciN for ·t:hiN· M -- � 'fUiable ...._.. ( ... r. of 
el...ary IIChaola, llldNr of l/lplilta,1 111d ·faily IUUOtlUit, 7111 

' ' 

rud)er of el...ary �, llllber or ,.,.., ant, ...,., Of 
lblenoN, '791) wn elCll SMIME t;ban for tbl totlai1 111 ·�. ' 
predictor mdel. -., unlike •tbt. IIIJ.Upl,e _.,_._ ·...,lcilllt 
in llt, 4'Wn Vitb � •�-• --- of• J 
clauUicet!Cln hit-rate, aoaurac,y ._: not •••••- •�y ·. 
incrtlN u ant.ldd, ,,.,_, •••• A-.19.llt•• 
conoeming oantrutin; . ...., and full -- ,..._, ,._.. 
MINtl ay therefore be NOtUlry for :M 11111iat•• 

a. aay arvue, howimr, that tbt .,,_H.._, --• of
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