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McNeil ( 1990) arguea again,t Interpreting eatlmated linear model parametere or weight,, largely

on the bul, of the expected 11&1J1ple-t.o-11&1J1ple varlablllty In thoee eatlmatea. In rebuttal It l1 noted that 

not to Interpret model parametere I• to Ignore the ,trength or regre11lon analy1l1. Appropriate regard 

may and 1hould be given parameter uncertainty, But that I• only part and parcel of parameter 

Interpretation, Examplea or linear model parameter Interpretation are ,iven. 

/almadin 

In a recent article In thle journal McNeil (1990) wrltea, "Although moet multiple regreaelon texte 

argue agalnat Interpreting regreaeion weighte ... aome 11.&tletlca text authore and reeearchere 1till want 

to place aome aort or importance or meaning on the magnitude •.• of regreaeion weight,." Count me 

among them, Let me announce my loyaltlea even more etrongly. I place not juat "aome aort of 

Importance" on parameter Interpretation; I regard lnterpretability u ,be central feaiwe of a linear 

models approach to the analy1ie of both obeervational and experimental data. It is what bolds u1 ..Ce 

from the eterility of unrelieved null hypotheaia teeting. The cue for Interpretation I will hue on a eeries 

of examples. 

Ena1lu •I Lillear MHel Perameler /alnpreulin 

Simple U- regnmoa. Coneider a simple (one explanatory variable) linear model. I'll 111ume 

the regreeeion of Annual Income (in thousande of dollare) on Yeare of Education (in achool yeare 

satiefactorily completed) i, linear in aome population of educated and employed individuale. So, we can 

write: 

E(Annual Income I Yeare of Education)= /Jo + /J1 (Yeare of Education).

Our reeponee variable (RV) and explanatory variable (EV) both p088eBI metrica. So we have metrice

for the regreeeion elope and intercept II well: 
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/J0 : The expected Annual Jncome for an individual with O Years of Education. /Jo is eome 
value in "thousands of dollars." 

/Ji : The increase in expected Annual Income UIIOCiated with an increase by one year in the 
number of Years of Education. {J1 is some value in "thousands of dollars per year." 

Our elope or rate of change parameter bu a 1imple and, I believe, very appealing interpretation. 
lt tells us "bow much" Education impacts Income. {J1 might be 110/year or 1100/year or 11,000/year 
or 110,000/year. 

Quite likely a Years of Education ICON! of 0 la outside our range of intereat; indeed, the 
distribution of Annual Income conditional on Yun of Education being ·aero may be without any 
membera. So, any lnterpN!tation of the intercept I, unintereating. We might anticipate thl, and chooae 
to write our linear model in terma of a "Centered" Years of Education. )Jl particular we might reduce 
Years of Education by a conatant of 12 yu.ra giving 

E(Annual Income I Yeara of Education) • /Jo + /Ji (Yeara of Education - 12) • 

Our elope parameter bu It• Nme Interpretation. /Jo, though, la now the expected Annual Jacome (In 
thoUl&llda of dollan) for a high ec:bool graduate, a 1ubltantively more l11tere1ti11g quutlty. 

Given an appropriate Nmple from our population we can •timate th- regre11lon parametera. 
And, granted the aatlefactorln- of our aampllng -umptlon,, we CAil al110 know bow much confidence 
to place In thON •tlmat•. It le my th11l1 that the point ettimate of {11 and hi 1tandard error are 
u,eful bec:au,e we want lo ,kHW' bow big Ute ra&e ol dlaage Iii. not becauee they allow u, to "decide" 
between "Njectlng" ud "falling to reject" &11 hypotbtll, that /J1 le mo. My 1upport for tbi, borrow,
heavily from Tukey (11191); I but paraphrue. 

Con,lder the following four poulble confidence Interval, for [J1, all, 1ay 116% Cls: 
c- A: (-110, 18)
c- 8: (,13,000, 14,000)
c- C: (14,800, SS,100}
c- D: {Sl0, 110,Q00)

ln�iDg Weights 2 
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Under Cuee A or B we "fail to reject" the null bypotbeei1. But what a difference. Caae A ought 

to tell 111 that the 1lope ii flat; no queetion about it, ex,-t.ed Annual Income cl«- - change with 

Yean or Education. On the other band, C- B ought to tel1111 that "we bav�•t the foggi111t" whether 

Annual Income goee up, down or 1ideway1! And, under either c- C or Cue D we reject the null 

bypotheel,. Yet C- D ii rather like Cue B In the lack or precilion In our P1 while Cue C allow, ua

to aay that an additional Year or Education Inc- the ex,-ted Annual Income by "almoet exactly 

15,000," How we "decide the null bypotheail" ii much 1- relevant than what we've learned about {11,

McNeil (IDPO) lnqulre1 relative to the formula ror the circumference or a circle, 

Clrcumrerence • (ir) (Diameter), 

" what doee ,r mean7 ,r I• amply the weight which, when multiplied tlmet the diameter, yield• the 

clrcumrerence." I have added the emphuil, McNeil dl1m1- ,r too readily, u Ir all that were 

Important about It 11 that It 11 eome conatant. But there ii more to ,r,· We think or it u a 

dlmenalonl- number, but In the context or our Clrcumrerence equation it ii a rate or change with a 

metric like in./in, or mm./mm. depending upon bow we chooee to meuure Diameter, ,r ii the amount 

by which the Circumference Inc..- ror a one unit Inc,- In Diameter, Inc,_ the Diameter or a 

circle by 1 Inch and you lncreaae lta Circumference. by (approximately) 3.14 incbea. And the value of ,r 

bu practical Importance; It 18 a particular conatant and it maket a day-to-day difference that it'• value 

11 what it I• and not 5 nor 15 nor 1/5, Put another way, it i1 not 1ufflclent to know that the 

Circumference of a circle ii influenced by ita Diameter or, equivalently, that ,r l1 greater than zero! A, 

with mighty ir, 10 too with our lowly /11, 

Mulliple U- R.egre.ioa. Now let'• extend our Annual Income model by introducing a eecond 

EV, Parental Income (aleo meuured in tboUl&Dda of dollar1 per y�). We write a model additive in 

the two EV■: .·,.,,: /. .. , .... :-, 

E(Annual Income I Yeare or Education, Parental Income)= 

/10 + /J1(Yeara Education) + /J2(Parental Income) .

What interpretation do we give the p1 of tbi1 model? It may be a little eaaier to aee if we rewrite our

lin� model in the form ,,. 

Inwpredng Weigbta 3 
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E(Aooual Income I Years of Education, Parental Income)= 

' (.80 + ,82(Pareotal Income))+ ,81(Years Education). 

The "elope" parameter, ,81, ia atill the expected increue in Annual Income for a one year iocreaee in 
Years of Education (thouaaoda of dollara per year of education). But, in thia model the "intercept" 
takes different values depending upon Parental ucome. So, our ,81 here baa a OIIDdiuoaal 
interpretation: The increase lo expected Annual Income Cor a one yeu iocreue in Years of Education, 
for a fised level of Parental Income. 

Often an important question for modelled phenomena like thia la whether the flt of our two EV 
model bu essentially the aame magnitude aa the {J1 of our one EV model. la the "influence" of Years 
of Education on Annual Income the aame when we control for Pamital Income (our conditional rate of 
change parameter) u when we ignore Parental Income? Note that the aoawer to thia queatioo bu little 
to do with whether R2 btc...- lignflcaotly from the one lo the two EV model. It baa everything to 
do, of coune, with , the aalllt.aaUv. lmpori,aDce of alternative valuea of ,81. Aa we have only eatimatea 
of the conditional and mugloal rat.el of change we may -k refuge lo the SEa, I emphuiae, though, 
that the comparllon la not a atatiatlcal but a aubttaotlve one. 

Kleinbaum, Kupper " Muller (1988) diacuaa tbla comparllon more fully, albeit under the 
tomewbat �oratlve title of "confounding," They &ake the potltion that where the two fl• differ, we 
1bould prefer the conditional 1lope. That aeema unwarranted. The two an,wer different queationa. 
"What lncNUe lo Annual Income I, expected for an additional v .. r of Education?" la one queatlon. 
"What Inc,.... In Annual Jacome la expected for an additional YMr of Education amoa1 thOM whoae 
parent, have Identical annual lncom•T" I• a different queatlon, We may be laleNeted In whether Ibo 
anawera AN the 1ame or different, but lo prefer one to the other la to pr►auppott the aubtlantlve 
qu•tloa, 

Our two EV model potlt1 additive lnfluencea of Yeara of 

Education and Parental Income on our RV. More 1pec:lflcally, the "elope" parameter for Yeara of 

Eduutlon 11 111umed to be a coaetaot, Independent. of Parental Income. We might have reuon to 

doubt thia 111umptlon. It could be more Nali1tlc to ueume that the Annual Income contribution of an 

extra year'• education might ltaelf be a function of Parental Income. In more conventional regreeeion 

lingo we think that (:) Parental Income might modera&e the influence of Yeare of Education or (b) we 

might need NpU1l&e alopea for different Parental Income level• (u well u eeparate intercepts.) 

la�Weigh&lt4 
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The u1ual way of writing a moderated regreuion model la to allow the Intercept and the 
regreaeion •lope of one EV (the moderated EV) each to be linear fun,tlona of a ,econd EV (the 
moderator), In the preeent context we could write: 

E(Annual Income I Yeara of Education, Parental Income) • 
(.80 + P2(Parental Income)} + (,81 + ,83(Annual lncome)](Yeara Education)•
/10 + P1(Yean Education)+ P2(Parental Income)+ /J3(YeanEducatlon•Parentallncome),

The bottom line above deecrlbee how we would "Input" our regree,ion model, Introducing a product 
variable, It may be a good model to nt but It la quite unaultable for Interpretation. The elope 

parameter for the product variable, /13, bu (at leut) two ,trlk• agalnat It: (1) It, metric la "tbou11aDd1 

of dollan In Annual Income per unit of tbe produd of Yun Education and Parental Income," What a 

"unit" of tbe latter amount, to la not euy to grupl (2) Even If we could come to term, with tbla 

complicated metric we are warned off Interpreting {J3 becauae of ILi conditional nature. In effect, It 

- tbe contribution of the product variable when the other EVa In tbe model are held con1t.ant,

But bow can we think about a unit lncreue In tbe product or'2 EV, while each la held con1tant?

Fortunately, the Intermediate expraalon above for our moderated regNNlon model doe1 Invite 

interpretation, The regreuion elope for Yean Education la given u: 

This repreeentation la faithful to the moderated regreaeion -umption; the influence on Annual Income 

of an additional year of education variea with Parental Income. Given eatimatee of ,81 and /J3 the 

regreuion elope estimate la easily calculated for a selection of Parental Incomes of interest, MY, S20K, 

S40K, SB0K, S160K, etc. A_nd, if our regreseion program provides (u it ought) the variance covariance 

matrix for the 'iia, it la also easy to calculate SEI for such linear forms of the 'iia u ('ii1 + 20,000 'i}3), 

Thus, Cle for the slope estimate at different values of the moderator can be provided. 

QuadrMic: Regrtmioa. These ideu generalize to quadratic regreaeion and, should the need ever 

arise to model RVs that double back on themselves in our design apace, higher 'order polynomial 

regresaion. Say we thought Annual Income to be influenced quadratically by Yean of Education u in 

this linear model: 

ln\erpreWlg Weigbta 6 
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E(Annual Income I Years Education)= 

/30 + /J1(Yeara Education)+ {32(Yean Education)2 • 

(Years Education)2 ia not likely to vary independently of (Yean Education) IIO there ia little prospect of 

interpreting tbe two aeparate conditional slope eatimates, /31 and /32• 

However, if we rewrite tbe quadratic model aa 

E(Anoual Jacome I Yeara Education)= 
/30 + [/31 + /J2(Yeara Education)] (Yeara Education) 

there la a 1ingle elope to be eatimated, but one which tall.ea on different valuee depending upon where In 

the range of Yean Education we want to eetimate that 1lope. Quadratic regreaeion ii a 1pecial caae of 

moderated regraaion; moderated and moderator variable, are the aame variable. 

lnleratiioa Modela ud Modular Modek. One lut ex.ample, We make Annual Income now a 
(probabiliatic) fWlctioo of two cale1oric1I EV,. We'll -ume the population of lntenet to be college 

11raduatee and we are lntereeted In modeling AAnual Income (fint ytar poe�baccalaureate) u a 

function of Gender and Deg'" M�or, For simplicity, the later tall.ea only thffll "levela": Science, Social 

Science and Humanltlet. Allowlnc for tbe poealblllty ot an lnterac\lon between Gender and M<\lor we 

would likely besln modeling with a lix parameter model, IC our Immediate eoa1 were to &eat for • 

(1lgnlficant) Interaction tbl, Initial model mlgM look like thl1: 

where dummy varlablee have been employed &1 follow,: 

X 1: 0 for malea, l for femalee. 

X 2: 0 for Science or Humanltiee, l for Social Science

X3: 0 for Science or Social Science, l for Humanltle1 

X4: •' direct product, X1•X2 

.• 6: the direct'product, X1•X3
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The last two EV1 CAIi be thought or u "interaction variable■" and the hypotheai1 of no 
interaction ia teated by comparing the overall lit■ (R3 or SS Realduall) or thil model with one In which 
P4 and Pa are con1trained to be aero (or, equivalently, X

4 and Xa are "dropped" Crom the model.) Jf 
the difference In lit• 11 non-1lgnllicant we declare for the reduced, four parameter, additive model. We 
detected no Interaction. Let'• 1ay, though, that the difference In fit■ wu 1ignificant; either P 4 or P 8 or
both are non-sero. Gender and Major do Interact In innuencing Annual Income. What do we do? 

My belief I• that we ought to do more than report that the Interaction 11 1igniffcant or that the 
R2 for the 1uc parameter model ii 1lplflcutly larger than tbe R2 for the four parameter model, We 
ou1M to "interpret" tbe Interaction; how do Gender t.nd Major Interact? Tbe /J• for our two 
Interaction varlabl•, having u their metriee product■ of dummy varlabl•, are not tbe belt candidat• 

for yielding up the dllllred Interpretation, What worke for me II to re-parameterlH tbe Interaction 
model Into one with parametere that are them■elv• ea1lly defined and give clear ln1lgbt Into tbe 
Interaction, 

Flnt, what dOM the finding of an Interaction mean, 1ubetantlvely? That the relative lnnuence of 

the eeveral Major level, on Annual Income ii clilF-t for malea than for femalea. Having learned thla, 
It behoovea UI to model Major lnnuence for malee eeparately, 10mehow1 from our modeling of Major 
innuence for remalea, One way of looking at it i1 to eay we want now to examine "limple" rather than 

"main" Major effect■, That la facilitated by the re-parameteriaation to a modular model. The Idea of 
the modular model ia that it 11 equivalent to the Interaction model (In numben or parameten ud litl) 
but conaiatl of ■eparate "modulea" for each level of a categorical EV. (In the ca■e of higher order 

interactiona the module■ may be for low�r-order interaction "levela" .) Modular modele have been 
explicated primarily by writere on the 1111 of weighted leut equaree in the analyei• of categorical 
reapolllle data, e.g., Forthofer and Lehnen (1981) or Freeman (1987). However, they are equally uaerul 

in the linear modeling of a continuoUI RV, Here, we'd like ■eparate modulea for malea and femalea. 

Our modular model might look like thi1: 

where the linkage to our earlier dummy variablea ia as followe: 

In\erpreting Weigh&a 7 
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Z1: X1 (a 0/1 variable coding female) 

Z2: 1- X
1 

(a 0/1 variable coding male) 
Z:,: Z1•X2 (a 0/1 variable coding female and eocial 1elence) 
Z4: Z2•X2 (a 0/1 variable coding male and aocial ecience) 
Z5: Z1•X3 (a 0/1 variable coding female and humanities) 
Z6: Z2•X3 (a 0/1 variable coding male and humanities) 

Z1, Z3 and Z5, together with their "weighta", compriae the female module; {J1 i, the "intercept" for 
the fern.ale module and {J3 and /35 ate the female module 1lopes for the dummy variables coding 10eial 

science and humanitie1 respectively. Correspondingly, the male module ii hued on Z2, Z4 and Z8• 
Given our particular uae of dummy variables, the intercepts evaluate to the expected Annual Incomes 

for (male and fern.ale) 1eience graduates and the 1lopea to the difference, between the expected Annual 
Income. for either aocial ecience or humanltie11 and thoee expected • for 1eience graduates ( again, 
aeparately for male, and female,). 

In fiUing the modular model we obtain SEIi for the 1lx parameter 111tlmate11. While the pr.ence of 
an interaction UIIUfell that we cannot have {J3 • fJ

,. 
and /Ir, • /Je ■imultaneouly, we may be able io 

1implify the modular mode further, guided 1ubltantlvely by our ff-defined parametera, The main 
point, though, Is that the parametert of the modular model are directly Interpretable and their 

111tlmate11 can be uaed to "explain" the Interaction, 

Dilctu,in 

1 have tried, by uample, to make the cue for the dlr«ta- and 1ubltantlve Importance of 
parameter Interpretation la linear modtll, Why 1hould It be coatrovenlal? I have not add� that 
qu111tlon but I think thtrt an two itlu• Involved. The flnt bu to do with th• 1ta1• of modelln1, l'rom 
model formulation through fitting and model comparllon and on, perbap,, to model adoption. How we 

view a model and tbe relevanet (or, lnde«l, acctptablllty) of paramtttr lnterprttatlon can depend upon 

tbe ■tage of modeling at whic� we are operating. 

The aecood ltaue bu to do with a cootrut between phenomena that are thought to be wholly 

determlnl■tlc and thoee with &II loNCapable 1toebutlc element. How we u■ell our IUCC- lo modelling 

will depend on bow much determlnl■m we attribute to the phenomenon modeled. 

lnkrpreUog Welgbta 8 
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Model Fi', Compariaoa and ID�. I ought make it clear that the model parametert 

whoee interpretation concerna me are, for the moet part, parametert in "4C«pted" or final model,, I

u■ume that we purtue our modeling with ■everal alternative model, in mind. The■e may all be pre-

1pecified model■, well rationalind ln advance of any data collection or they may be model, whoee 

origin owee eomething to the "lay of the land" once we have it In eight, In either event, we are

lntereeted in Identifying one or mo" of theee alternatlvee u "better" than the othert. Better, of courte,

mu,t take Into account the purpoee for which we wl,h to ffnd model,,

Whatever our goal, however our alternative model• are ,ugge■ted to ua, the path to an accepted 

model or model• lnvolvee nulng 11veral alternative model, to our data and then comparln1 thoee Iii.I, 

Thi• fittln1 and comparln1 are done on 1tatl.etlcal turt and parameter lnterp"tatlon play• no role. 

Interpretation com• In af\er final, or, at leut, proml,ln1, model, have been Identified, And It 11 

nece11ary, In my view, IC we are to do the beat Job oC communicating our reeulta. lnterp"tatlon, or the 

proepect or It, ,hould aleo be kept In mind when we parameterlae model,, Every linear model permlta 

oC eeveral alternative parameterl1atlon1, all providing the aame R2, the aame fit to Individual

obeervatlou. We 1bould chooee one, our eol\ware willing, tbat will be natural to lnterp"t later on. 

And, IC our goal, accommodate any degree oC "model ,nooplng", having parameten with 1imple 

lnterpretationa make, it tbat mucb euier Cor ua to - our way forward In model 1implificatlon or 

modification. 

If we keep in mind where in tbe modeling proc- we are, we can make parameter interpretation 

work for ua and not againat ua. I cannot believe that modeling progre111 ia facilitated if tbe analy,t ia 

"blinded" u to the meaning of parameten Uiroughout U.. entire coune of modeling. 

Delermiaiat.ic and SlochMUc Modela. McNeil (1990) writea " , . .  wben one utilisee MLR one ia 

taking the stance that· behavior ia complexly � . . · . The goal then ia to account for the 

variation in the criterion by obtaining u high an R2 u poeaible .. " The emphuia ia mine. In an

appendix to the same article McNeil equatea a "correct model" with one yielding an R2 of 1.0. Both

remarks suggest that be ia modeling deterministic phenomena; given the right eet of EV,, all of the 

respo111e variability can be accounted for. Unquestionably, behavior ia complexly inO__. (if not 

wholly determined) and tbe eearcb for a highest R2 neceuarily leada to modela with very many EV,.

And, indeed, in a model with 100, 200, perhaps more, intercorrelated EVs, parameter interpretation 

does become, at best, problematic. 

Interprel.big Weighlll t 
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Maximising R2 for deterministic reepon.ees ia but one goal &o be pursued with linear modeling. Let 
me ■uggeet ■ome alternative■. 

(1) Not all behavioral, biological or ■ocial phenomena are determiniatic. 1 mean that in two
aenae■• First, there la the poeeibility of ■ome inherent randomn-; in priaciple we CAD never account 
for all of the variability in the free throw accuracy of NBA playen. And, there are human limitations; 
in praciice we ahall never identify all of the EV1 needed to account fully for the variability in the 
voting behavior of US 1tate legislators. In either event, the "correct model" cannot extend beyond the 
EV1 that are known to be relevant and will have an R2 1ubatantially lea than 1.0. 

(2) Even if we take· the reeponae to be determiniatic, but complexly ■o, we often make acientific
headway by conaldering, at one time, only a few of the many EV1 which are known to be relevant. We 
aeek to learn more' about how ■ome EV of Interest lnfluencee a rapoue. Several of my 1ketchy 
examples �iven earlier had a common theme; bow does Yean of Education Influence Annual Income? 
Many, many l'&cton other than Yean of Education Impact earninp, But, that'• hatdly the point If 
what I'm Interested In ia learning how Gender or Parental Income or College M�or mlgM moderate 
the Influence of Yeara Education on Annual Income. If I aample randomly I need not worry overmuch 
about what elae I might have put Into my model, 

(3) McNeil mak• the very Important point that the magnitude of an Influence we detect for aome
EV In an obtervadonal 1tudy may be a poor guide to what hAP!Mnt when we attempt to manipulate 
that EV, That 11 a caveat &o be heeded In the reporting o( any obtervational 1tudy, Havln1 aald that, 
we can do worae In our M&N:h for potentially effective manipulation• than to pay auentloo to the 
macnltud• of obtervatlonal 1tudy lnfluencea, When I Induce a 1tudent &o remain In collece another 
year I may not have lncreued her poeHducatlonal Income by 16,000 per year, Havlo1 noticed In an 
(bypothedcal) obtenatlonal 1tudy that, on averace, each additional year of education wu 1110Clated 
with that amount of additional Income, however, 1uggeata It 11 a manipulation worth trying, and 

evaluating. 

I believe tbal a very great many, perbai» the 1ubatantial m�orlty of, linear model, In the 

biological and behavioral aclenc• are of th- 1ec:ond and third kind,, They Involve a limited number 

of EV,, often fewer than are known lo be relevant to the RV. And, they addreae one or both of these 

queetiona: "How great Ip the Influence, 1£ any, of thla EV?ft and "How l1 the Influence of my EV 

changed when I take theae qther things Into ac�ount?" In neither cue la the Ri as relevant as the 

ln&erpreuag Weigh&. 10 
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interpreted model parameters. 

' 

Parameter interpretation, far from being 1u1pect, should be embraced by the multiple linear 

regreuion community. For appropriately parameteriaed model• the parameters and their eatimai.e. 

provide natural meuurea of the magnitude o( explanatory influencea. Parameter interpretation i• 

-ntial if we are to underatand the meaningfuln- (1ubatantive 1igniflcauce) of an influence u well u

it• Mpraence" (1tati1tic.l 1i1nincance). 
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