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\bstract - A data set with one missing cell {s investigated with a number of
ylausible hypotheses regarding the means. It 1s shown that the set of

nypotheses 1ikely to be of interest correspond to a result computationally
identical to the unadjusted main effects solution.

The two-way fixed effects analysis of variance with disproportionate
cell frequencies has been considered by many different researchers. The
“full rank model" solution, described by Timm and Carlson (1975), has been
purported to be a "best" solution. Overall, Spiegel and Cohen (1975) have
also opted for this solution, though Overall and Spiegel (1969) earlier had
shown a preference for the fitting constants solution. Cohen (1968) described
a hierarchical model that has the advantage of being an additive solution.
Jennings (1967) and Williams (1972) describe a solution that address probable
hypotheses of interest. Jcnnihgs approached the problem in a classical re-
gression formulation, whereas Will1ams showed that the same results could be

computationally found in a simpler manner. Pérhaps'unfortunately. Wi111ams

termed the solution the unadjusted main effect solution,
Other researchers have used a combination of approaches rather than use

exclusively a single solution. Among such researchers are Searle (1971)
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and Applebaum and Cramer (1974).

Focusing on the hypothesis tested has been the direction of Speed and '
Hocking (1976) and Searle, Speed and Henderson (1981). In the latter article, .
théy show that, with missing cells, the wusual hypotheses for rows and columns
lose their meaning and that it is much more beneficial to concentrate on cells.
This approach would seem to be in keeping with Jenning's (1967) earlier article.
| Comparisons of the hypothéses tested in the full rahk mode] so]ution of Timm

and Carlson (1975) and the unadjusted main effects solution was shown in’

Williams (1977).‘ In a companion to the present paper Williams (this issue)
showed that when the data are proportional but not equal in cell frequencies
that the hypotheses tested'cod]d vary from those a researcher wishes fo test
"for the Timm and Carlson full rank model solution. The direction of the
present paper 1s to examine the hypotheses when missing cells occur,

The data are taken from Williams (1974, p. 77) except that the three

| data points in the last cell (engineering females) are omitted.
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ACT Scores
~ Arts and _
Sex Sciences Education Engineering
" Male 20 21 , 21
' 18 17 .22
18 19 16
16 14 18
21 12 23
22 26 '
24 - 28
28 21
29 14
16 ‘ " 15
18
13
15
18
17
Female - 19 23
17 29
17 21
16 17
18 ' 15
27 13
14
15
16

Note that {f the three data points had been included for the engineering
females, the data would be proportional, and the analysis 1s given 1n Williams

(this 1ssue).
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To analyse the data, an analysis using contrast coding is used to effect
what might be termed a "quasi-analysis of variance solution" usihg the full
rank model approach of Timm and Carlson and the unadjusted main éffect solu-
tion of Wi11iams. In addjtion to the Y (criterion) variable, fodr other

variables are defined:

X¥ = 11f male, -1 if female;

X3 = 1 1if in the College of Arts and Sciences, 0 if in the College of
Education, -1 1f in the College of Engineering;

X¥ = 01f in the College of Arts and Sciences, 1 if in the College of

Education, -1 1f in the College of Engineering; and
X¥ =Xy ' X3¢
Six models can be defined:

Y =b, + bXt+e, (1)

by + baX§ + byXy + e;, (2)
be + byX{ + byXf + bXy + ey, (3)

by *+ b,X¥ + byX§ + byX¥ + b Xt + e,, (4)

by + b, X¥ + b X¥ + ey, (5) and

< < < < <
a

by + byX% + byX¥ + bXE + €. (6)

In equations 1 through 6, the b's are regression coefficients specific to an equa-
tion (b, will 1ikely be different for the different equations; so also the b's
are specific to an equation); the e's are error terms associated with each
equation.

Table 1 shows the sums of squares generated by these models.

While the results for each main effect are different depending on whether
the measurement 1s made in the presence of the other main effect or the main
effect and the interaction, this outcome would be expected from our know-
fedge of the disproportionate case.

It is instructive to set up binary coded predictors and then state and

test likely hypotheses of interest. Five cell variables can be defined:



Table 1

Two-¥Way Solution for the Missing Cell Data

Source of Variation

Séx |

Sex (Independent of College)

Sex (Independent of College and Interaction)
College

College (Independent of Sex)

College (Independent of Sex and Interaction)
Interaction

Within,

df

N N N

40

sS
§S,= 7.51
$S;-55,=10.68-5.64=5.64=5.14
SS,~555=28.74-25.24=3.50
$S,=5.64
$S3-55,=10.68-7.51=3.17
$S,-555=28.74-8.71=20.03
ss“-ss;=28.74-1o.68=18l06

SSDEV“=873'16

MS

7.57
5.14
3.50
2.84
1.59

10.02

18.06
21.83

.35

.16
.13
.07
.46
.83

S6
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Xy = 11if in cell 1 (Male, Arts & Science), 0 otherwise;
X2 =1 1if in cell 2 (Male, Education), O otherwise;
X3 =14f in cell 3 (Mgle, Engineering), 0 otherwise;

Xe =1 1if in cell 4 (Fema]e. Arts and Science), 0 otherwise; and

Xs = 1 1f in cell 5 (Female, Education), O otherwise.
Then a full model can be defined:
Y = byX, + b2X2 + b3yX; + byXy + bsXs + e5. (7)

An alternative full model utilizing the unit vector is

Y = bo + b1Xy + baX2 + baXs + buXy + e7. (8)

Hypotheses for Rows

Now, several different hypotheses that might be of interest for the row
effect can be investigated. Four such hypotheses will be treated:
Hy: b, +b, = b, + bgyy a hypothesis for regression coefficients that

corresponds to Y, + Y, . ¥V, + V.. Note that H, fails to address altogether
‘ 2 2

membership in cell 3; 1t also tests a hypothesis among the means that does not

take into account the varying cell frequencies.

H,t by + %, + b, ., b+ by, While H,takes cell 3 into account, 1t does
| )

‘not address the varying cell frequencies.

Hy: 15by + 10by _ 9by + 6by. H, takes into account the unequal cell
25 15

frequencies,'it‘does not take into account ceTl J.

H.,:'15b1 % 10b, + 5b, Ob, + 6b,. H, takes into account both the unequal
0 - 15

sized groups and cell 3.
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t Hi, the restriction shown in H; is imposed on the full model;
1t by 4 by = by + by |
r by =Dby + bs - ba.

= (by+ bs - ba) X1 +baXo+ bsXs + buXu+ bsXs+ e
= ba(Xz = Xi) + bu(Xu + X1) + bs(Xs + X1) + bsXs + eq
= X2 = X13 |

= Xy + X33 and

1l

Xs + Xi,

= baD; + byD2 + bsDa + biXs + ea. (9)

the model shown.for equation 9,

y = 26.92; SS, - SSg = 28.74 - 26.92 = 1.82;

1,82 = ,08, a value that does not correspond to any given in Table 1;

21.83
interest is in using R? rather than SS, the equation

2 2 '
“(Rogp = R df, where R, refers to the R* term for the full mode!
g e e

aM refers to the R® term for the restricted model.

« (,03187 - .02985)/1
| - .03187)/40 = .08, as before.

Mo byt by # by = b, * bys

hy = 3/2b, + 3/2b, - b, - b Imposing this restriction of the full

)0
/1elds
+ (3/2b, *+ 3/2b, - b, - b )X +bX, +bX +bX +bX +e

90

L]
by (X, - X))+ by (X - X))+ b (X, + 372K ) + b (X 4 3/2X,) + ey.
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Let D, = X, - X3
D, = X3 - Xy
D, = X, +3/2 X, ; and
_Dg = Xy + 3/2 X,.

Then Y = b,D, + b,D, + b,Dg + byD, + e,. (10)
Using the model shown for equation 10, SS,, = 23.72; SS, - SS,, = 28.74 - 23.72 = ¢

F = giogB = ,23. Note that H, does not yield ahy solution for seX shown

in Table 1,

Using H,: 15b12; 10b, 9bh1; 6bs , or by = b, + 2/3bs - 2/3 b,, an impositio

is made on the full model:
Y = (b, + 2/3 bs-2/3b2)X; + baXz +baXy + buyXu + bsXs + €0,
Y = ba(Xa2 = 2/3X1) + b3Xy + bu(Xye +X;3) + bs(Xst 2/3X;) + e{;.
Let Dy = X, - 2/3X;4
. Dy e X+ Xy; and
Do = Xs + 2/3X;.
Than Y  by0y + b,Xy + byD; + bsDe + €10, (11)
Using the model shown for equation 11,
SSy; = 23.70, SS4 - SS;; = 28.74-23.70+5.04.

Fw5,04 » .23, a value that does not correspond to any outcome for the
21.83

sex effect shown in Table 1.

Consider H,: 15b, + 10b, + 5b, = 9b, + 6bs , oOr
30 15

b, = 6/5 by + 4/5bs - 2/3bz - 1/3b;.

Imposing this restriction on the full model yields
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-<
]

= (G/Sb“ + 4/5b5 - 2/3b2 - 1/3b3)xl + bzXz + b3X3 + b“X“ + bsXs + ell-
= by (X; = 2/3X,) + by(Xy = 1/3X,) + by(X, + 6/5X,) + bg(Xs + 4/5X,) + e,,.
Let Dg = Xz - 2/3x1;

<
!

Dlo = X3 - 1/3X1;
D,;, = X, + 6/5X,; and
Dlz = XS + 4/5X1.

rhen Y = b,Dy + byD,, + b,0,;, + bsD,, + €,,. (12)

Using equation 12,

$S,, = 21.23; SS, -'SS,, = 28.74 - 21.23 = 7.51;

F = 7.51 = .35. It can be noted that the result for H, 1s identical with
the use of equation 1, which is the unadjusted sex effect.

Hypotheses'for Columns

Four different hypotheses can be given for the column effect also:
Hs: b, +b, = b, + b,. Note that Hs, 11ke H,, disregards cell 3 and does

not take into account the unequal sized cell frequencies.

Hgt by * b, * by * by = by, Hgy 1lke H,, does not take into account the
2 |

unequal sized cell frequencies.

M, 15b, &mgp$

s1zed cell frequencies, but disregards cell 3.

= 10b, + 6bs. Hyy 1ike Hy, takes into account the unequal
e -

Hyt ‘15b, + 9b, = 10b, *+ 6by = by, Hy, 11ke H,, takes Into account the
24 16

unequal sized cell frequencies and cell 3. R
To test H,: b, + b, = b, + bg, or by = b, + b; - b, .

Imposing this restriction on the full model ylelds
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Y

n

-(b2 + bs - b..)xl + bzxz + b3X3 + b“x“ + bsXs + elzo

I

Y= by(Xy + X))+ byXy + by(X, - X;) + by(Xg + Xy) +ey,.

Let D13 = X2 + Xl;

D,, = X, - X,3 and
Dy = X5 + x,.
Then Y = b,D,, + b,X, + b,D,, + bgD, + e,,. (13)
Using equation 13, SS,,= 25.68; SS, - SS,, = 28.74 - 25.68 = 3.06.

F = giog3 = .14, a value that does not correspond to any of the outcomes"sﬁ

for the college effect in Table 1.

Regarding Hg: 942+ by = 912+ bs = bi, two different restrictions are implied.
Solving for b, and b;, by = b, + bs - by; by = bz + bs.
2

Imposing these restrictions on the full model,

Y = (b2 + bs = bu)X; + baX2 + (bz + bs)Xy + buXy + bsXs + €3,

Y= ba(Xa + Xy + 1/2Xy) + by(X, = X;) + by(Xg + X; + 1/2X;) + €1, =
Let Dy = Xz + x1 + 1/2Xy3
Dyy = X4 = Xy3 and
Dig = Xs + Xu + 1/2X4.
Then Y « bzD;s + buyD;s + bsDje + €13, (14)
Using equation 14, SS14 = 19.683 SSy ~ SS1u ® 28.74 - 9.06 = 19.68.
= ) for
Fu 9é?§é2 .21, a value that does not correspond to any outcome

the college effect in Table 1.

Hy, is given as 15b, + 9b, = 10b, + 6bs.
24 16
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Solving for b,, b, = b, + 3/5bs - 3/5b,.
posing this restriction on the full model yields,
Y = (b, + 3/5bs - 3/5b,)X, *+ byX; * byX; + b.X, *+ bsXs *+ €,
V= by (X, * X;) * byXy + by(Xy = 3/5K)) + by(Xg ¥ I/EK,) + ey
Let D,, = X, + X3
D,, = X, - 3/5X,; and
D,, = Xs + 3/5X,.
en ¥ = b,D,, + byXy + byDy; + DsDyg ¥ €y (15)
.ing equation 15, SS,, = 28.24; S5, - SS,s = 28.74 - 28.24 = .50.

Fa= .50 = .02, a value that does not correspond to any outcome shown
21.83 .

v the college effect in Table 1.

Finally, regarding Hg: 15b, + 9b, = 10b, + 6bs = by, two restrictions
24 16

hown in terms of b, and by) are implied:
b, = b, + 3/5b5 = 3/5bu and
by = 5/8bz + 3/8bs.
mpasing these restrictions on the full model,
Y =« (b + 3/5bs - 3/5b,)X; + baX, + (5/8b, + 3/8bs)Xy + byXy + bsXs + eis.
Y = ba(Xz + X; + 5/8X3) + bu(Xu = 3/5X1) + bs(Xs + 3/5X, + 3/8X;) + eqs.
Let Dyy * X2 + Xi + 5/8Xsi
Dig * %4 = 3/5X;: and
Do = Xs + 3/5%, + 3/8X;.
fhen Y = bzDig + buDy7 + bsDzo + €15 (16)
Jsing equation 16, SSie = 23.103 SSu = SSig = 28.74 - 23.10 = 5.64.

F=5.64/2= .13, the same result, in a computational sense, of the unadjusted
- 21.83
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main effect for colleges.

Hypothesis for Interaction

In testing the hypothesis for interaction, it can be noted that cell 3
does not enter into the interaction. Thus, the likely hypothesis of interest
in terms of the means is Y, - Y, =Y, - ¥;. |

Ih terms of the regression coefficients, the null hypothesis would be
tested by b, - b, = b, - b, (this hypothesis will be called H,).

Then, in terms of b,, b, = b, - by + b,. Imposing this restriction on
the full model y1e1ds;

Y = (b, - by *+ b )X, + byX, + byX, + b,X, + bgXs + €.

Y o= by(X; + X)) + byX; + b (X, + X)) + bs(Xg - X;) + e

cLet Dy = X, + X4
D, = X, + X,i and
Dy = X5 = X,
Then Y = b,D,y + byXy + b,D, + byDy, + €44, (17) |
Using equation 17, SS,, = 10.68; SS, - SS,, = 28.74 - 10.68 = 18,06, thus

F = 18.06 = .83, the result given for interaction 1n Table 1. The results
71.0)

of using H, thru H, with both SS and R’s are shown 1n Table 2.

Discussion
A considerable amount of effort has been expended by many different
researchers in investigating the two-way analysis of variance with dispro-
portionate cell frequencies. In regard to any two-way layout of déta, four
situations regardfng the cell frequencies can be put in order of their stress .

on the analysis: 1) equal numbers in each cell; 2) unequal but proportional
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Table 2

Hypotheses for Two-Way Analysis of Variance
with a Missing Cell

Hypothesis T L Re-RE

Hit b, *+ b, = by + bs ‘ 26,92  1.82 .02985  .00202

Hpyt by # gz t by = Qau%_g;. 23.72 5.02 .02629 .00558

Hat 15b12; 10b2 = gpglg 6bs 23.70 5.04 .02628  .00559

H,: 15b; + 10b, + 5by = 9bulg 6bs  21.23 7.51 02354  .00833

30

Hg: bi + by = b2 + bs 25.68 3.06 02848  .00339

He gJ?y by * by + by * by 19.68 9.06 ,02182  .01005
e 2

Hy: 15by + 9bu = 10b *+ 6bg 28.24 .50 03131 .00056
- 16~

Ha: 15bg + Qgi = 10b, + 6by = b, 23.10 5.64 .02562 ,00625
130, % * D=

Hy: b1 = bs ® b2 - bs 10.68 18.06 ,01184 .02003
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numbers in each ce]i; 3) disproportionate numbers in each cell; and 4) at least
one missing cell.

Addressing the four situations, the solution described by Jennings (1967)
and shown to be computationally equivalent to the unadjusted main effects solu-
tion by Williams (1972) {s robust in that it addresses 1ikely hypotheses
regarding the cell means in a]]:four instances. The full rank model, described
by Timm and Carlson (1975) can be criticized as addressing likely hypotheses
of interest cnly for the equal cell frequency situation; the hypotheses tested
in the proportionate case may very well deviate from those a researcher is
likely to be most interested in. The hypotheses that are tested in the mfssing
cells case do not apbear to have any likely contrasts among the cells that
address usual analysis of variance questions. It is of course possible that
the hypotheses tested by the full rank model are of interest to the researcher,
However, as a general data-analytic tool, the full rank model as described by
Timm and Carlson would seem to lack the robustness needed to suggest itself

to the statistically unsophisticated user,
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