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Some Graphical Methods for Interpreting Interactions  
in Logistic and OLS Regression 

 

Peter L. Flom           Sheila M. Strauss 
National Development and Research Institutes, Inc. 

In statistical models involving one dependent variable (DV) and two or more independent variables (IVs), an 
interaction occurs when the effect of one IV on the DV is different at different levels of another IV.  The existence 
of an interaction makes interpretation of the model more complicated, but failing to include important interactions in 
the model can give misleading results.  In this paper, we describe how visually examining interactions between two 
IVs in ordinary least squares regression and in logistic regression can aid comprehension of the interaction, and we 
present a tool to make such examination easier. 
 

n modeling the relationship between a dependent variable (DV), Y, and a set of independent 
variables (IVs), X1, X2, ….Xk, if the DV is continuous and we are using ordinary least squares 
regression we have: 

          0 1 1 2 2 ... k kY X X Xβ β β β ε= + + + + +    
         (1) 
When the DV is dichotomous, OLS regression is inappropriate; probably the most common alternative is 
using logistic regression  (Hosmer & Lemeshow, 2000) where we have  
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where π(x) is the conditional mean of Y given X. Given that Y is dichotomous, this is the same as the 
probability that Y = 1 (assuming that Y is coded 0, 1), or the probability of a ‘success’ if Y is coded 
‘failure/success’.  The portion before the equals sign is known as the logit. Equivalently, we can model 
π(x) directly as 
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Models (1.1) and (1.2), and, more generally, any of the class of generalized linear models (McCullagh & 
Nelder, 1989), assume (among other things) that the effect of each Xi (i = 1, 2, …, k) on Y is the same, 
regardless of the value of the other Xj (j = 1, 2, …, k; i ≠ j); that is, that there is no interaction.  We may 
suspect that this is not the case.  Earlier research may have found interactive effects; or we may have 
other substantive reasons for suspecting interactions.  For example, if we are examining the likelihood of 
being HIV positive based on a person’s sex and sexual identity, we would include an interaction between 
the two, since the effect of being homosexual is greater for males than for females. This is usually done 
by adding an interaction term to the equation.  While there are many possible ways to construct such a 
term, the most usual, and simplest, is to multiply the two IVs that we think may be involved by each 
other, and add that term (Harrell, 2001). For now, let us suppose (for simplicity) that our model contains 
only two independent variables: X1 and X2.  Set X3 = X1X2 and add it to the model, 
        0 1 1 2 2 3 3Y X X Xβ β β β= + + +   ,             (4) 
which allows for an interaction.   
  While many researchers recognize the importance of evaluating interactions, interpreting interactions 
is often difficult and sometimes counterintuitive.  This can be so for at least two reasons. First, because 
the parameter for interaction is multiplied by both IVs, what appears to be a small coefficient can actually 
be highly meaningful, especially if one of the IVs is large.  Second, when the signs of the parameters on 
the interaction term and the IVs are not all the same, the effect of a change in one of the IVs on the DV 
may not be readily apparent.   
  The use of graphics can facilitate the interpretation and presentation of interactions; indeed, graphics 
can facilitate interpretation of the results of logistic regression even in the absence of interactions (Long, 
1997).  While many guides to model building, variable selection, and significance testing are available 
(e.g. Harrell (2001), this is not the case for graphical methods of interpreting interactions. In this paper, 
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we therefore present some graphical methods for displaying and interpreting interactions between two 
independent variables, at least one of which is continuous.  We provide methods for both continuous and 
dichotomous DVs. These graphs allow the user to examine the effect of a change in the IVs on the DV 
directly, without any computations. While these methods are not novel, they are under-utilized, and we 
are unaware of any source, which describes all of the methods described below, or their application 
specifically to interaction. These methods all involve plotting curves; for ordinary least squares 
regression, each of these curves is derived from a relatively simple equation; for logistic regression, the 
curves are considerably more complex. Graphs of this type have two types of uses: First, they may aid 
one’s own analysis of data. Second, they may allow easier presentation of these findings to others. 
 

Data 
  Data for this paper are drawn from the Drug Use and HIV Risk Among Youth (DUHRAY) project. 
DUHRAY involved a probability survey of 18-24 year old household-recruited youth in Bushwick, a 
low-income minority neighborhood in Brooklyn, New York with a population of approximately 100,000 
in 1995.  It sampled two groups of Bushwick-resident young adults: (1) a population-representative 
multistage household probability sample; (2) a targeted sample (Watters & Biernacki, 1989) of youth who 
use heroin, cocaine, crack, or inject drugs.  Details of the sampling plan are available elsewhere (Flom et 
al., 2001). 
 

Graphical Methods 
  The best method of interpreting interactions depends on the nature of the variables involved in the 
model.  Specifically, it depends on whether the DV and IVs are dichotomous or continuous.  In this 
section, we first present methods for a variety of types of models with two IVs, where at least one of the 
IVs is continuous.  When both IVs are dichotomous, graphical methods are not necessary, and 
crosstabulations can be very useful. This is so because, in a 2 x 2 crosstabulation, it is relatively 
straightforward to determine main effects and interactions by hand calculation.  We then present some 
possible extensions to cases where there are more than two IVs.   
 
Continuous DV, One Continuous and One Dichotomous IV 
  In a regression model having a single DV and a single IV, a scatterplot of the IV and the DV is often 
useful.  When we add a dichotomous IV to the model, we can make a scatterplot with two lines, one for 
each level of the dichotomous IV. 
  Example 1: In DUHRAY, we created a variable for peer objection to drug use (DROBJ), based on a 
factor analysis of five questions, each of which asked what proportion of your friends would object if you 
used a particular drug.  The five drugs were marijuana, cocaine, heroin, crack, and injected drugs.  We 
also asked about recalled childhood misbehavior, using a scale based on one devised by Windle ( 1993). 
We then modeled peer objection to drug use as a function of childhood misbehavior and sex (1 for male, 
2 for female), using ordinary least squares regression, and including an interaction term.  The estimated 
equation was 
       DROBJ = -0.14 - 0.0038 Win + 0.91 SEX - 0.036 SEX*Win        (5) 
This yields Figure 1, from which it can be seen that, while objection to drug use decreases as reported 
childhood misbehavior increases, it does so faster for women than for men. Also, while women, on 
average, reported more objection to drug use than men did, (the mean for men was -0.10, SD = 0.97; for 
women mean = 0.15, SD = 1.00) the opposite was true when there was a lot of reported misbehavior. If 
there were no interaction, the lines would be parallel. 
 
Dichotomous DV, One Continuous and One Dichotomous IV 
  Example 2: If the DV is dichotomous, we simply use the results of logistic regression rather than OLS 
regression to create a graphical display. For example, we modeled using hard drugs (HD)  (cocaine, 
heroin, crack, and/or injected drugs) in the last year (yes=1, no=0) as a function of sex (male = 1, female 
= 2) and childhood misbehavior (win).  The estimated equation was:      
                              (6) 

( )
.354 .247* .351* .0638* *

.354 .247* .351* .0638* *1

sex win sex win
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e
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Figure 1: Objection to drugs as a function of sex and childhood misbehavior
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Figure 2: Probability of hard drug use as function of  Windle, and sex
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Figure 3: Objection to drugs as function of age (X) and Windle
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Figure 4: Objection to drugs as function of and Windle (X) and age
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This yields Figure 2.  If there were no interaction, the two curves would be parallel.  As is, we can see 
signs of a moderate interaction. Although the likelihood of having used hard drugs increases with 
childhood misbehavior for both males and females, it increases faster for females.   
 
Continuous DV, Two continuous IVs 
  When both IVs are continuous, there is no statistical reason for deciding which IV to put on the X-
axis. There may be substantive reasons for choosing one, but we may need two plots to get a full sense of 
the interaction.  One plot will have one IV on the X axis; the other plot will have the other.   Also, in this 
case, we need to use more than two lines on the scatterplot.  The exact number of lines depends on the 
distribution of each variable, but three is often a good compromise between comprehensibility and 
completeness.  More lines can clutter the page, and fewer lines give an incomplete picture of the changes 
in the relationship.  We need to pick representative values of each IV.  One possible set of choices (used 
below) is the 25th, 50th, and the 75th percentiles. 
For example, we modeled peer objection to drug use as a function of age and childhood misbehavior.  
The estimated equation was: 
     DROBJ =  -1.48 + .12*AGE + 1.24*Windle -.063*AGE*Windle         (7) 
First, we let age be the X variable, and pick the three values of Windle at the 25th, 50th, and 75th 
percentiles.  This yields Figure 3 from which it can be seen that, while objection to drug use decreases as 
age increases, it does so much faster for those who reported more childhood misbehavior.   
  On the other hand, if we let Windle be the X variable, and choose values of age at the 25th, 50th, and 
75th percentiles, we get Figure 4, from which it can be seen that the relationship between childhood 
misbehavior and peer objection to drug use is stronger for older subjects. 
 
Dichotomous DV, Two Continuous IVs 
  If the DV is dichotomous, we again modify the above procedure by using logistic regression. We 
modeled the probability of having used hard drugs in the last year (HD), by age and childhood 
misbehavior.  The estimated equation was: 

        ( )
5.33 .41* .44* .027* *

5.33 .41* .44* .027* *1

age win age win

age win age win

eprob HD
e

− − +

− − +=
+

           (8) 

With age on the X axis, this yields Figure 5.  This indicates that the relationship between age and drug use 
is stronger for subjects with higher levels of childhood misbehavior (because the slope of the line for 
Windle = 25 is greater than that for lower values of Windle). If there were no interaction, the lines would 
be parallel. 
  Similarly, if we put misbehavior on the X axis, and make separate lines for different ages scores, we 
get Figure 6.  This implies that the relationship between childhood misbehavior and peer objection to drug 
use is stronger for older subjects. 
 

Discussion and Conclusions 
  In this paper, we have presented a tool for displaying the effects of interactions involving two 
independent variables.  While this tool is not innovative, making it more widely known and more easily 
implemented will, we believe, increase understanding about the nature of an interaction.  In addition, it 
has the potential to clarify how changes in various parameters in logistic and ordinary least squares 
regression affect the relationship between a dependent variable and two independent variables. 
  While most statistical software (including SPSS, S-Plus, R, or SAS-Graph would allows production 
of charts similar to those produced in this paper, the graphics presented here were developed in Microsoft 
EXCEL.  Because this software is readily available, allows the user to adjust figures and immediately see 
the results, and requires no programming skill, utilizing the graphics approach developed here with 
Microsoft EXCEL will be possible for many data analysts.  It should be noted that Excel was not used to 
calculate the equations, but only to plot the results. 
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Figure 5: Probability of hard drug use as function of age (X), and Windle
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Figure 6: Probability of hard drug use as function of age and Windle(X)
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Nonrandomly Missing Data in Multiple Regression Analysis: 
An Empirical Comparison of Ten Missing Data Treatments  

 
Lantry L. Brockmeier    Jeffrey D. Kromrey    Kristine Y. Hogarty 

   Florida A & M University   University of South Florida    University of South Florida 
This study investigated the effectiveness of ten missing data treatments within the context of a two-predictor 
multiple regression analysis with nonrandomly missing data. Five distinct types of missing data treatments were 
examined: deletion (both listwise and pairwise methods), deterministic imputation (with imputations based on the 
sample mean, simple regression and multiple regression), stochastic imputation (mean, simple regression and 
multiple regression), maximum likelihood estimation (ML) and multiple imputation (MI). Design factors included 
in the study were sample size, total proportion of missing data, and the proportion of missing data occurring in the 
upper stratum of each predictor. The success of each method was evaluated based on the sample estimate of R2 and 
each standardized regression coefficient. Results suggest that the stochastic multiple regression imputation 
procedure evidenced the best performance in providing unbiased estimates of the parameters of interest. 
Deterministic imputation approaches and the stochastic mean imputation approach resulted in large amounts of bias 
in the estimates.   
 

t is not uncommon for missing data to occur on one or more variables within an empirical 
investigation. Missing data may adversely affect data analyses, interpretations and conclusions. 
Collins, Schafer, and Kam (2001) indicate that missing data may potentially bias parameter 
estimates, inflate Type I and Type II error rates, and influence the performance of confidence bands. 

Further, because a loss of data is almost always associated with a loss of information, concerns arise with 
regard to reductions of statistical power. Unfortunately, researchers’ recommendations for managing 
missing data are not in complete agreement resulting in conceptual difficulties and computational 
challenges (Guertin, 1968; Beale & Little, 1975; Gleason & Staelin, 1975; Frane, 1976; Kim & Curry, 
1977; Santos 1981; Basilevsky, Sabourin, Hum, & Anderson, 1985; Raymond & Roberts, 1987; Schafer 
& Graham, 2002). Many studies that have examined missing data treatments are not comparable due to 
the various methods used, the stratification categories (number of variables, sample size, proportion of 
missing data, and degree of multicollinearity), and the criteria that measure effectiveness of the missing 
data treatment (Anderson, Basilevsky, & Hum, 1983). Further, Schafer and Graham (2002) argue that the 
treatment of missing values cannot be properly evaluated apart from the modeling, estimation, or testing 
procedure in which it is rooted. Before proceeding with an examination of the extant literature, a 
consideration of some missing data terminology is warranted. 
 

Missing Data Terminology 
 Contemporary discussion of missing data and their treatment can often be confusing and at times may 
appear somewhat counterintuitive. For example, the term ignorable, introduced by Little and Rubin 
(1987) was not intended to convey a message that a particular aspect of missing data could be ignored, 
but rather under what circumstances the missing data mechanism is ignorable. Additionally, when one 
speaks of data missing at random, these words should not convey the notion that the missingness is 
derived from a random process external or unrelated to other variables under study (Collins et al., 2001). 
  According to Heitjan & Rubin (1991) missing data can take many forms, and missing values are part 
of a more general concept of coarsened data. This general category of missing values results when data 
are grouped, aggregated, rounded, censored, or truncated, resulting in a partial loss of information. The 
major classifications of missing data mechanisms can be best explained by the relationship among the 
variables under investigation. Rubin (1987) identified three general processes that can produce missing 
data. First, data that are missing purely due to chance are considered to represent data that are missing 
completely at random (MCAR). Specifically, data are missing completely at random if the probability of 
a missing response is completely independent of all other measured or unmeasured characteristics under 
examination. Accordingly, analyses of data of this nature will result in unbiased estimates of the 
population parameters under investigation. Second, data that are classified as missing at random (MAR), 
do not depend on the missing value itself, but may depend on other variables that are measured for all 
participants under study. Lastly, and most problematic statistically, are data missing not at random 
(MNAR). This type of missingness, also referred to as nonignorable missing data, is directly related to 
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the value that would have been observed for a particular variable. A commonly encountered situation, in 
which data would be classified as MNAR, arises when respondents in a certain income or age strata fail to 
provide responses to questions of this nature. 
  In much of the research that has been previously conducted, the key assumption has been that data are 
missing at random. If data are randomly missing and the percentage of missing data is not too large, 
researchers are advised that any missing data treatment is effective. However, this assumption of 
randomly missing data is tenuous in many instances. Although a few procedures have been presented to 
test the assumption of randomly missing data (e.g., Cohen & Cohen, 1975, 1983; Tabachinick & Fidell, 
1983), Kromrey and Hines (1994) assert that this assumption is rarely tested and that the applied 
researcher is hard pressed to find guidance if data are missing nonrandomly. 
 

Missing Data Treatments 
 Applied researchers often employ deletion or deterministic imputation procedures to manage missing 
data rather than choosing from among other available missing data treatments. The former procedures 
employ a deletion process, utilizing cases with complete data (Glasser, 1964; Haitovsky, 1968). Listwise 
deletion discards all cases with incomplete information, whereas pairwise deletion constructs a correlation 
matrix utilizing all pairs of complete data. Deterministic imputation procedures (e.g., mean substitution, 
simple regression, or multiple regression) provide estimates of the missing values (Santos, 1981; Kalton 
& Kasprzyk, 1982). In all deterministic approaches to imputation, the residual (error) term is set to zero in 
the estimation equation. In contrast, stochastic imputation includes a random value for the residual in the 
estimation equation. Some empirical evidence suggests that the stochastic imputation procedures are 
superior to the deterministic approaches (Santos, 1981; Kalton & Kasprzyk, 1982; Jinn & Sedransk, 1989; 
Keawkungal & Benson, 1989; Brockmeier, Hines, & Kromrey, 1993). 
  Kromrey and Hines (1994) examined the effectiveness of the deletion and deterministic imputation 
procedures in regression analysis with nonrandomly missing data in the context of missing data on one of 
two predictor variables. Systematically missing data were produced by generating 60% of the missingness 
above the mean value of the variable in each simulated sample. These researchers concluded that with 
moderate amounts of missing data, the deletion procedures yielded results similar to those obtained 
without missing data. Further, the deterministic imputation procedures evidenced poor performance when 
compared to the deletion procedures. 
 Within the context of a two-predictor multiple regression analysis with nonrandomly missing data, 
Brockmeier, Kromrey, and Hines (2000) investigated the effectiveness of eight missing data treatments on 
the sample estimate of R2 and each standardized regression coefficient. These researchers varied the 
overall proportion of missing data in each sample, as well as the proportion of the missingness that 
occurred in values greater than the sample mean. The results suggested that the stochastic multiple 
regression imputation procedure provided the best treatment of missing data. 
 

New Approaches to Missing Data 
 Traditionally, researchers have not utilized maximum likelihood estimation (ML), multiple 
imputation (MI), or the aforementioned stochastic imputation procedures. Kromrey (1989) and 
Brockmeier (1992) indicated that these methods are not typically found in the journals of applied 
researchers, with much of the scholarly work on maximum likelihood estimation and multiple imputation 
appearing in technical statistical journals. Little (1992) stated that maximum likelihood estimation is 
infrequently utilized due to the lack of software and the mathematical complexity of the computations. 
More recently, however, maximum likelihood estimation has been included in some structural equation 
modeling software and statistical packages. Additionally, Gregorich (1999) has created a maximum 
likelihood estimation program using SAS IML that is currently available and freely distributed to SAS 
users for noncommercial purposes. This program employs the Expectation-Maximization (EM) algorithm 
to estimate the maximum likelihood covariance matrix and mean vector in the presence of missing data. 
This maximum likelihood approach assumes that data are missing completely at random or missing at 
random. While a decade ago few stand-alone programs existed for employing multiple imputation as a 
missing data treatment, ML and MI are now becoming more popular with the implementation of these 
procedures in free and commercial software (Schafer & Graham, 2002). For example, a recent release of 
SAS (version 8.2) introduced a multiple imputation procedure. 
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  Rubin (1996) indicated that the ultimate goal of multiple imputation is to provide statistically valid 
inferences in applied contexts where researchers employ different analyses and models and when there is 
no one accepted reason for the missing data. The multiple imputation procedure replaces each missing 
value with a set of plausible values that represents the degree of uncertainty about the correct value to 
impute. One might view this approach as an enhancement over simple imputation methods that fail to 
reflect the uncertainty about the predictions of the missing values, often resulting in point estimates of a 
variety of parameters that are not statistically valid in any generality.  
  Multiple imputation inference involves three distinct phases (Schafer, 1997). First, missing data are 
filled in m times to generate complete data sets. Second, the m complete data sets are analyzed using 
standard statistical analyses. Finally, the results from the m complete data sets are combined to produce 
inferential information. For a recent review of MI procedures, see Sinharay, Stern, and Russell (2001). 
  Evidence of the effectiveness of maximum likelihood estimation and multiple imputation, as missing 
data treatments has been somewhat limited in the past (for a recent exception, see Collins et al., 2001). 
However, with the innovations in the software described above, interest and enthusiasm for these 
alternative methods appears to be growing. A recent issue of Psychological Methods (2001) devoted a 
special section to issues surrounding missing data, with a specific focus on multiple imputation and 
maximum likelihood estimation. 
 

Purpose 
 The purpose of this study was to investigate the effectiveness of ten missing data treatments within 
the context of a two-predictor multiple regression analysis with nonrandomly missing data. Further, the 
study investigated whether sample size, proportion of missing data occurring in the upper stratum on each 
predictor, and the total percentage of missing data affected the effectiveness of the ten missing data 
treatments. The success of each method was evaluated based on the sample estimate of R2 and each 
standardized regression coefficient. Five distinct types of missing data treatments were examined: 
deletion (both listwise and pairwise methods), deterministic imputation (with imputations based on the 
sample mean, simple regression and multiple regression), stochastic imputation (mean, simple regression 
and multiple regression), maximum likelihood estimation and multiple imputation. 
 

Method 
 This research was a Monte Carlo study designed to simulate multiple regression analyses in the 
presence of missing data. The use of simulation methods allows the control and manipulation of research 
design factors and the incorporation of sampling error into the analyses. Observations for each sample 
were generated under known population conditions and missing data were created in each sample. 
 
Data Source 
 Data for this investigation were simulated to model the correlational structure observed in a sample of 
responses to an instrument designed to measure teachers’ reported perceptions of computers and 
integration of technology in their classrooms (Hogarty, Lang, & Kromrey, in press). These field data were 
composite scores based on selected subscales from the instrument. Each subscale contained items 
measured on either a 5-point Likert scale ranging from strongly disagree to strongly agree or a 5-point 
frequency of use scale ranging from not at all to every day. Two correlation matrices from these data were 
selected for use as population templates in this Monte Carlo study (Table 1). The first matrix had 
correlations between variables that ranged from 0.33 to 0.61 with an R2 of 0.50. In contrast, the second 
matrix presented lower correlations (ranging from 0.12 to 0.49) and an R2 value of 0.25. 
 
Table 1. Correlation Matrices Used for Simulation 
Higher Correlated Data Set Lower Correlated Data Set 
             Y   X1              Y   X1 
   X1    0.53     X1    0.49  
   X2    0.61 0.33    X2    0.16 0.12 
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Experimental Design 
 The study employed a 2 X 3 X 4 X 6 experimental design. The factorial design included two 
between-subjects factors (population correlation matrix and sample size, N = 50, 100, and 200) and two 
within-subjects factors (proportion of missing data in the upper stratum of each variable and percentage of 
missing data). The four proportions of systematically missing data in the upper stratum were 0.60, 0.70, 
0.80, and 0.90. The six conditions of missing data generated were 10%, 20%, 30%, 40%, 50%, and 60%. 
In addition, the complete samples with no missing data were analyzed. Missing data were distributed 
equally across both predictor variables (i.e., with 20% missing data, 10% of the observations presented 
missing data on each of the regressors). 
 The pseudopopulations were not manipulated within the experiment, but were selected to obtain the 
desired correlational patterns in each data set. The sample sizes, missing data structures and missing data 
treatments were chosen to replicate and extend the earlier work of Kromrey and Hines (1994) and 
Brockmeier et al. (2000). 
 
Conduct of the Monte Carlo Study 
 This research was conducted using SAS/IML version 8.2. Conditions for the study were run under 
Windows 98. Normally distributed random variables were generated using the RANNOR random number 
generator in SAS. A different seed value for the random number generator was used in each execution of 
the program and the program code was verified by hand-checking results from benchmark data sets. For 
each condition examined in the Monte Carlo study, 5000 samples were simulated. The use of 5000 
samples provides adequate precision for this investigation. For example, the use of 5000 samples provides 
a maximum 95% confidence interval width around an observed proportion that is ± 0.014 (Robey & 
Barcikowski, 1992). 
 Within each sample, missing data were created by setting to missing the generated values of one of 
the two regressors variables, under the constraint that no observation may have both regressors missing. 
The target percentage of missing data was evenly divided between the two regressors (i.e., half of the 
missingness occurred on each regressor). In addition, the percentage of the missingness that was imposed 
on observations in the upper stratum was controlled by dividing each sample into two strata for each 
regressor, then randomly selecting the correct number of observations from each stratum. The proportion 
of data missing in the upper stratum was altered to create increasing degrees of distortion in the observed 
data. The probability of a missing value was established to be proportional to the value of the variable. 
For the majority of conditions, the upper stratum was defined as observations above the sample median 
value of the predictor variable. If an insufficient number of observations were available above the median 
(e.g., with 90% missing and 60% of these occurring above the median) the upper stratum was defined as 
the top 60% of the distribution.  
 In each generated sample, the 24 missing data conditions were independently imposed (six total 
percentages of missing data crossed with four proportions of missing data in the upper stratum), allowing 
the two missing data factors to be treated as within-subjects factors in the research design. In addition, 
each complete sample with no missing data was analyzed to provide a reference for the evaluation of the 
missing data treatments. Each sample was analyzed by computing the regression equation (obtaining the 
sample estimates of each standardized regression weight and the sample value of R2) after applying each 
of the ten missing data treatments. 
 
Missing Data Treatments 
  The missing data treatments examined in this study included deletion, deterministic imputation, 
stochastic imputation and model-based approaches. The treatment of missing data was considered with 
respect to two predictor variables, X1 and X2 (with missing data on one but not both predictors), and a 
single criterion variable, Y1 (with no missing data). The first method, listwise deletion, necessitated the 
deletion of any observations in the sample with missing values for either of the predictor variables. The 
resulting ‘complete’ data set for each sample was used in the calculation of parameter estimates (R2 and 
the standardized regression weights). For the second method, pairwise deletion, a correlation matrix was 
constructed based on all of the available data for each pair of variables. The resulting correlation matrix 
was subsequently analyzed to obtain the regression equation for each sample. 
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  Three imputation techniques using deterministic methods were employed, a mean imputation 
approach and both simple and multiple regression imputation. For the mean imputation procedure, 
missing values were imputed using the sample mean value for each regressor variable. In contrast, 
deterministic multiple regression imputation for each sample was initiated by calculating a prediction 
equation based on the data available and deriving a predicted value for the variable with missing data 
based on the values of the other two variables. For example, to predict missing values for X1, the sample 
regression equation for predicting X1 based on both X2 and Y was estimated. The resulting equation was 
then used to compute predicted values for X1 and those values were imputed to replace the missing data. 
The same process was followed for simple regression imputation, but only a single predictor variable was 
used (i.e., either X2 or Y was used to predict the missing values for X2). In each sample, the variable 
evidencing the stronger correlation was used as the predictor.  
  The three stochastic techniques examined mirrored the deterministic methods described above. 
However, as stated earlier, stochastic techniques differ from deterministic methods with regard to the 
incorporation of a random error term. For stochastic mean imputation, the imputation begins with the 
mean value in the sample for the particular variable with missing data, but each imputation requires the 
addition of a randomly selected normal deviate drawn from a distribution with 0µ = and 2σ equal to the 
sample variance of the variable. The same steps were followed when employing the stochastic simple and 
multiple regression imputation methods as those described above for the parallel deterministic approaches 
with the exception of the addition of a random residual term. This residual was randomly drawn from a 
distribution with 0µ = and 2σ equal to the mean squared residual from the regression that was used to 
derive the prediction equation. 
  The multiple imputation approach is an extension of the multiple regression imputation procedure. 
This approach replaces each missing value with a set of plausible values that represent the degree of 
uncertainty about the correct values to be imputed. For this study, 10 imputations were employed for the 
multiple imputation procedure. Rubin (1987) indicated that the efficiency of an estimate based on m 
imputations is approximately: 

            ( ) 1

1 m
γ −

+ ; 

where γ  is the fraction of missing information for the variable being estimated. For example, with 50% 
missing information, m = 5 imputations provides an estimate of efficiency of approximately 91%, 
whereas m = 10 imputations increases the estimated efficiency to 95%.  
 As described earlier, first, missing data were filled in ten times to generate ten complete data sets. 
This phase was accomplished by first conducting a multiple regression analysis on the sample data to 
derive an initial set of parameter estimates. These estimates, along with the obtained covariance matrix, 
where then used to generate a sample of ten sets of parameter estimates. These parameter estimates were 
applied individually to the sample data and the predicted values imputed, resulting in ten distinct samples 
with complete data. The ten complete data sets were then analyzed sequentially using multiple regression 
analysis. Finally, the obtained R2 values and standardized regression weights from the ten regression 
analyses were averaged and the resultant values were used to assess the performance of this procedure.  
  The final procedure examined was maximum likelihood estimation via the EM algorithm. This is an 
iterative approach that seeks parameter values that maximize the likelihood of the observed data. The 
well-known EM algorithm (Dempster, Laird, & Rubin, 1977) consists of an estimation step (or E-step) 
that predicts the missing values based upon estimates of the parameters, and a maximization step (or M-
step) that revises the estimates of the parameters. The E and M steps are repeated until the parameter 
values do not change appreciably from one cycle to the next. For an excellent overview of the theory 
underlying this approach, both with and without missing data see Rubin (1987). 
 
Statistical Analysis 
  The relative effectiveness of the missing data treatments was evaluated in terms of statistical bias and 
standard errors for the estimates of the standardized regression weights and the sample value of R2. The 
results were analyzed by computing the effect sizes obtained from the missing data treatment conditions 
relative to the complete sample condition (i.e., 0% missing data). That is, 



Missing Data 

Multiple Linear Regression Viewpoints, 2003, Vol. 29(1) 13

0

0

ˆ
k

ijk k
ijk

θ

θ θ
δ

σ
−

=  

where  ijkδ =  the effect size for missing data treatment i,  under missing data condition j and sample  
     size k, 
   ijkθ =  the mean value of the parameter estimate over the 5000 samples, 

   0kθ =  the mean value of the parameter estimate over the 5000 samples of size k with no  
     missing data, and 
   

0
ˆ

kθσ =  the standard deviation of the parameter estimates across the 5000 samples of size k  
     with no missing data. 

In addition, standard deviation ratios were calculated to assess the sampling variability of each missing 
data treatment for the sample estimate of R2 and standardized regression coefficients relative to the 
complete sample condition: 

0

ˆ

ˆ
ijk

ijk

k

RatioSD θ

θ

σ
σ

=  

where  
ijkRatioSD =  the ratio for missing data treatment i, under missing data condition j and sample  

      size k, 
   ˆ

ijkθσ =  the standard deviation of the parameter estimates obtained across the 5000 samples  
     with missing data treatment i, under missing data condition j and sample size k, 
   

0
ˆ

kθσ =  the standard deviation of the parameter estimates across the 5000 samples of size k  
     with no missing data. 
 

Results 
  The results of this study are presented in terms of the effect sizes and the inflation of sampling error 
associated with the 10 missing data treatments. To save space, only summary statistics are reported, but 
complete tables are available from the first author. 
 
Effect Sizes for Missing Data Treatments 
  The distributions of the obtained effect sizes for the estimation of R2 for all conditions examined in 
this study are presented in Figures 1 and 2 for the high and low correlation matrices, respectively. Similar 
patterns of results were seen for both population matrices, although the biases associated with some of the 
missing data treatments (MDTs) were more extreme in the high correlation matrix. Four particularly poor 
MDTs are evident in these figures: the three deterministic imputation procedures and the stochastic mean 
imputation approach. These methods led to large biases in sample R2 across most of the conditions 
examined, with the mean imputation approaches yielding underestimates of R2 and the deterministic 
regression procedures yielding overestimates. The other MDTs provided relatively unbiased estimates of 
R2 across the majority of conditions examined. 
  Figures 3 and 4 present the distributions of effect sizes associated with the estimation of the 
standardized regression weight for X1 in the conditions simulated for the high and low correlation 
matrices, respectively. For this regression weight, the three deterministic imputation procedures and the 
stochastic mean imputation procedure showed relatively extreme bias in the conditions simulated in the 
low correlation matrix (Figure 4). For the high correlation matrix (Figure 3), although the pattern of over 
and under estimation remained the same, substantially less bias was evident, especially for the 
deterministic mean procedure. 
   Figures 5 and 6 present the distributions of effect sizes associated with the estimation of the 
standardized regression weight for X2. A notably different pattern was observed for this regression 
weight. In the high correlation matrix (see Figure 5), the same four procedures evidenced the bias pattern  
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Figure 1. Distributions of Effect Sizes for Estimates of R2 in High Correlation Matrix. 
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Figure 2. Distributions of Effect Sizes for Estimates of R2 in Low Correlation Matrix. 
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Figure 3. Distributions of Effect Sizes for Estimates of 1β in High Correlation Matrix. 
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Figure 4. Distributions of Effect Sizes for Estimates of 1β  in Low Correlation Matrix. 
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Figure 5. Distributions of Effect Sizes for Estimates of 2β in High Correlation Matrix. 
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Figure 6. Distributions of Effect Sizes for Estimates of 2β  in Low Correlation Matrix. 
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Figure 7. Distributions of Standard Deviation Ratios for Estimates of R2 in High Correlation Matrix. 
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Figure 8. Distributions of Standard Deviation Ratios for Estimates of R2 in Low Correlation Matrix. 
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Figure 9. Distributions of Standard Deviation Ratios for Estimates of 1β in High Correlation Matrix. 
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Figure 10. Distributions of Standard Deviation Ratios for Estimates of 1β  in Low Correlation Matrix. 
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Figure 11. Distributions of Standard Deviation Ratios for Estimates of 2β in High Correlation Matrix. 
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Figure 12. Distributions of Standard Deviation Ratios for Estimates of 2β  in Low Correlation Matrix. 
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seen before, but the MI procedure also revealed substantial negative bias. In the low correlation matrix 
(Figure 6), for most conditions very little bias was evident in any of the methods. When bias was present, 
the bias was consistently in a positive direction (overestimation of the regression weight). 
  To aid in the interpretation of the distributions of effect sizes observed, the differences in mean effect 
sizes were examined across each of the design factors in the study. Table 2 presents the mean effect sizes 
across conditions examined in each of the two population correlation matrices. On average, the two 
deletion procedures provided relatively unbiased estimates of all parameters (with the average effect size 
not exceeding 0.10). For the three deterministic procedures, substantial bias was evident in the estimates 
for both matrices, with the exception of the estimation of β1 in the high correlation matrix and β2 in the 
low correlation matrix. The simple regression, multiple regression, and stochastic imputation procedures 
performed well on average, with the average bias not exceeding 0.08, and the MI procedure performed 
well with the exception of the estimation of β2 in the high correlation matrix, a condition that led to 
substantial negative bias. Finally, the maximum likelihood (EM) approach provided reasonably unbiased 
estimates of all parameters across the conditions. 
  Table 3 presents the patterns of effect sizes by sample size. Neither deletion procedure was 
appreciably influenced by the sample size, with the average bias ranging from -0.02 to 0.10 across the 
parameters and conditions examined. In contrast, the deterministic imputation procedures and the 
stochastic mean imputation procedure showed greater bias with larger samples, often doubling in 
magnitude as sample size increased from 50 to 200. The remaining stochastic imputation procedures and 
the EM approach showed minimal bias across sample sizes examined, with the exception of the MI 
procedure in the estimation of the second regression weight. 
  Table 4 presents the pattern of mean effect sizes by the percentage of missing data. The deletion 
procedures, deterministic imputation procedures and the stochastic mean imputation procedure all 
evidenced greater degrees of bias with larger percentages of missing data. In the most extreme condition 
(60% missing data), the stochastic mean imputation procedure yielded an effect size of –2.31 for the 
estimation of R2. The stochastic regression procedures (both simple and multiple) also evidenced greater 
bias with more missing data, but the increase was quite small (reaching only as large as 0.07 for simple 
regression and 0.14 for multiple regression). The bias observed with the MI procedure in the estimation of 
the second regression weight is also evident in this table, with increasing bias accompanying greater 
proportions of missing data. Finally, the EM approach showed a small increase in bias with greater 
amounts of missing data (with mean effect size reaching as high as 0.16 in the estimation of R2).  
  Table 5 presents the pattern of mean effect sizes by the proportion of missing data occurring in the 
upper stratum of each regressor. Surprisingly, for most of the MDTs, the estimation bias was not strongly 
related to this factor. Exceptions were pairwise deletion, which showed larger bias in the estimation of R2 
and β2 with increasing proportions of missing data in the upper stratum, and the maximum likelihood 
procedure, which showed greater bias in the estimation of β2. 
 As a final approach to guide interpretation of the success of the missing data treatments, the 
proportions of conditions in which the effect size was less than 0.30 in absolute value were computed (see 
Table 6). Effect sizes this small are considered to present little or no practical problem to researchers 
(Kromrey & Hines, 1991). The criterion of 0.30 was chosen (rather than Cohen’s 0.50, a medium effect 
size) because the regression coefficients and the sample estimate of R2 are subject to both substantive 
interpretation and tests of statistical significance. The best performance, overall, in terms of providing 
relatively unbiased estimates of the three parameters of interest was the stochastic multiple regression 
imputation procedure. With this method, none of the conditions examined yielded effect sizes greater than 
0.30. Closely following the stochastic multiple regression approach were the stochastic simple regression 
approach and the maximum likelihood (EM) approach. Both of these methods provided effect sizes less 
than 0.30 for all conditions except for two, both of which involved the estimation of the second regression 
weight. The deletion procedures also performed relatively well, providing relatively unbiased estimates in 
more than 90% of the conditions examined. The deterministic imputation procedures and the stochastic 
mean imputation procedures produced very poor performance in this analysis. For example, none of these 
procedures produced effect sizes less than 0.30 for the estimates of R2 in more than 24% of the conditions.  



M
is

si
ng

 D
at

a 

M
ul

tip
le

 L
in

ea
r R

eg
re

ss
io

n 
Vi

ew
po

in
ts

, 2
00

3,
 V

ol
. 2

9(
1)

 
21

Ta
bl

e 
2.

 E
ffe

ct
 S

iz
es

 fo
r M

is
si

ng
 D

at
a 

Tr
ea

tm
en

ts
 b

y 
Po

pu
la

tio
n 

C
or

re
la

tio
n 

M
at

ri
x 

 
 

 
D

el
et

io
n 

D
et

er
m

in
is

tic
 Im

pu
ta

tio
n 

St
oc

ha
st

ic
 Im

pu
ta

tio
n 

 

St
at

is
tic

 
R

 M
at

rix
Li

st
w

is
e 

Pa
irw

is
e 

M
ea

n 
SR

 
M

R
 

M
ea

n 
SR

 
M

R
 

M
I 

M
L 

2
R

 
H

ig
h 

-0
.0

2 
0.

10
 

-0
.9

5 
0.

70
 

0.
73

 
-1

.8
0 

0.
01

 
0.

04
 

-0
.1

2 
0.

05
 

 
Lo

w
 

0.
09

 
0.

07
 

-0
.5

9 
0.

57
 

0.
61

 
-1

.0
4 

0.
05

 
0.

08
 

0.
07

 
0.

06
 

H
ig

h 
-0

.0
1 

0.
01

 
-0

.0
8 

0.
09

 
0.

12
 

-0
.3

5 
-0

.0
3 

-0
.0

1 
-0

.0
5 

-0
.0

2 
1β
 

Lo
w

 
-0

.0
3 

0.
01

 
-0

.6
2 

0.
42

 
0.

48
 

-1
.1

2 
-0

.0
4 

0.
00

 
-0

.0
2 

0.
00

 
H

ig
h 

-0
.0

6 
0.

09
 

-0
.4

0 
0.

25
 

0.
28

 
-0

.8
7 

-0
.0

1 
0.

01
 

-0
.3

8 
0.

05
 

2β
 

Lo
w

 
-0

.0
1 

0.
08

 
0.

11
 

0.
06

 
0.

04
 

0.
06

 
0.

06
 

0.
04

 
-0

.0
3 

0.
06

 
   Ta

bl
e 

3.
 E

ffe
ct

 S
iz

es
 fo

r M
is

si
ng

 D
at

a 
Tr

ea
tm

en
ts

 b
y 

Sa
m

pl
e 

Si
ze

 
 

 
 

D
el

et
io

n 
D

et
er

m
in

is
tic

 Im
pu

ta
tio

n 
St

oc
ha

st
ic

 Im
pu

ta
tio

n 
 

St
at

is
tic

 
N

 
Li

st
w

is
e 

Pa
irw

is
e 

M
ea

n 
SR

 
M

R
 

M
ea

n 
SR

 
M

R
 

M
I 

M
L 

2
R

 
50

 
0.

10
 

0.
10

 
-0

.5
3 

0.
44

 
0.

51
 

-0
.9

6 
0.

04
 

0.
09

 
0.

01
 

0.
08

 
 

10
0 

0.
02

 
0.

08
 

-0
.7

3 
0.

60
 

0.
63

 
-1

.3
6 

0.
03

 
0.

05
 

-0
.0

2 
0.

05
 

 
20

0 
-0

.0
2 

0.
07

 
-1

.0
4 

0.
86

 
0.

86
 

-1
.9

4 
0.

03
 

0.
03

 
-0

.0
5 

0.
04

 
50

 
-0

.0
2 

0.
02

 
-0

.2
4 

0.
14

 
0.

22
 

-0
.5

0 
-0

.0
6 

0.
01

 
-0

.0
5 

0.
01

 
1β
 

10
0 

-0
.0

2 
0.

01
 

-0
.3

3 
0.

25
 

0.
29

 
-0

.7
0 

-0
.0

3 
0.

00
 

-0
.0

3 
-0

.0
1 

 
20

0 
-0

.0
2 

-0
.0

1 
-0

.4
8 

0.
39

 
0.

40
 

-1
.0

1 
-0

.0
2 

-0
.0

1 
-0

.0
3 

-0
.0

2 
50

 
-0

.0
2 

0.
07

 
-0

.1
0 

0.
10

 
0.

12
 

-0
.2

8 
0.

01
 

0.
03

 
-0

.1
4 

0.
04

 
2β

 
10

0 
-0

.0
4 

0.
08

 
-0

.1
4 

0.
15

 
0.

15
 

-0
.3

9 
0.

03
 

0.
02

 
-0

.2
0 

0.
05

 
 

20
0 

-0
.0

4 
0.

10
 

-0
.1

9 
0.

22
 

0.
20

 
-0

.5
4 

0.
05

 
0.

03
 

-0
.2

7 
0.

06
 

 



B
ro

ck
m

ei
er

, K
ro

m
re

y,
 &

 H
og

ar
ty

 

M
ul

tip
le

 L
in

ea
r R

eg
re

ss
io

n 
Vi

ew
po

in
ts

, 2
00

3,
 V

ol
. 2

9(
1)

 
 

22 Ta
bl

e 
4.

 E
ffe

ct
 S

iz
es

 fo
r M

is
si

ng
 D

at
a 

Tr
ea

tm
en

ts
 b

y 
Pe

rc
en

ta
ge

 o
f M

is
si

ng
 D

at
a 

 
 

 
D

el
et

io
n 

D
et

er
m

in
is

tic
 Im

pu
ta

tio
n 

St
oc

ha
st

ic
 Im

pu
ta

tio
n 

 

St
at

is
tic

 
Pe

rc
en

t 
Li

st
w

is
e 

Pa
irw

is
e 

M
ea

n 
SR

 
M

R
 

M
ea

n 
SR

 
M

R
 

M
I 

M
L 

2
R

 
10

 
0.

01
 

0.
01

 
-0

.2
3 

0.
18

 
0.

18
 

-0
.4

4 
0.

01
 

0.
02

 
-0

.0
1 

0.
01

 
 

20
 

0.
02

 
0.

02
 

-0
.4

4 
0.

34
 

0.
35

 
-0

.8
4 

0.
02

 
0.

03
 

-0
.0

2 
0.

02
 

 
30

 
0.

02
 

0.
04

 
-0

.6
8 

0.
53

 
0.

55
 

-1
.2

6 
0.

03
 

0.
05

 
-0

.0
3 

0.
03

 
 

40
 

0.
01

 
0.

07
 

-0
.8

9 
0.

71
 

0.
74

 
-1

.6
4 

0.
03

 
0.

06
 

-0
.0

3 
0.

05
 

 
50

 
-0

.0
1 

0.
13

 
-1

.1
2 

0.
90

 
0.

95
 

-2
.0

2 
0.

02
 

0.
06

 
-0

.0
4 

0.
08

 
 

60
 

0.
16

 
0.

23
 

-1
.2

4 
1.

15
 

1.
25

 
-2

.3
1 

0.
07

 
0.

14
 

-0
.0

1 
0.

16
 

10
 

0.
00

 
0.

00
 

-0
.1

0 
0.

08
 

0.
08

 
-0

.2
1 

0.
00

 
0.

00
 

-0
.0

2 
0.

00
 

1β
 

20
 

-0
.0

1 
0.

00
 

-0
.2

0 
0.

15
 

0.
16

 
-0

.4
0 

-0
.0

1 
0.

00
 

-0
.0

3 
0.

00
 

 
30

 
-0

.0
2 

0.
00

 
-0

.3
1 

0.
22

 
0.

24
 

-0
.6

3 
-0

.0
2 

-0
.0

1 
-0

.0
4 

-0
.0

1 
 

40
 

-0
.0

3 
-0

.0
1 

-0
.4

1 
0.

29
 

0.
32

 
-0

.8
5 

-0
.0

4 
-0

.0
1 

-0
.0

4 
-0

.0
2 

 
50

 
-0

.0
5 

0.
00

 
-0

.5
2 

0.
35

 
0.

42
 

-1
.0

9 
-0

.0
7 

-0
.0

2 
-0

.0
4 

-0
.0

3 
 

60
 

-0
.0

1 
0.

05
 

-0
.5

5 
0.

45
 

0.
57

 
-1

.2
6 

-0
.0

6 
0.

02
 

-0
.0

5 
0.

01
 

10
 

0.
00

 
0.

01
 

-0
.0

6 
0.

04
 

0.
04

 
-0

.1
2 

0.
01

 
0.

00
 

-0
.0

5 
0.

01
 

2β
 

20
 

0.
00

 
0.

02
 

-0
.1

1 
0.

09
 

0.
08

 
-0

.2
4 

0.
01

 
0.

01
 

-0
.1

0 
0.

01
 

 
30

 
-0

.0
2 

0.
04

 
-0

.1
5 

0.
13

 
0.

13
 

-0
.3

6 
0.

02
 

0.
02

 
-0

.1
7 

0.
03

 
 

40
 

-0
.0

4 
0.

09
 

-0
.1

7 
0.

18
 

0.
18

 
-0

.4
6 

0.
04

 
0.

03
 

-0
.2

3 
0.

05
 

 
50

 
-0

.1
0 

0.
17

 
-0

.1
7 

0.
23

 
0.

23
 

-0
.5

5 
0.

05
 

0.
05

 
-0

.3
2 

0.
10

 
 

60
 

-0
.0

5 
0.

19
 

-0
.2

0 
0.

26
 

0.
28

 
-0

.6
8 

0.
04

 
0.

06
 

-0
.3

5 
0.

12
 

 



M
is

si
ng

 D
at

a 

M
ul

tip
le

 L
in

ea
r R

eg
re

ss
io

n 
Vi

ew
po

in
ts

, 2
00

3,
 V

ol
. 2

9(
1)

 
23

Ta
bl

e 
5.

 E
ffe

ct
 S

iz
es

 fo
r M

is
si

ng
 D

at
a 

Tr
ea

tm
en

ts
 b

y 
Pe

rc
en

ta
ge

 o
f M

is
si

ng
ne

ss
 in

 th
e 

U
pp

er
 S

tr
at

um
 

 
 

 
D

el
et

io
n 

D
et

er
m

in
is

tic
 Im

pu
ta

tio
n 

St
oc

ha
st

ic
 Im

pu
ta

tio
n 

 

St
at

is
tic

 
Pe

rc
en

t 
Li

st
w

is
e 

Pa
irw

is
e 

M
ea

n 
SR

 
M

R
 

M
ea

n 
SR

 
M

R
 

M
I 

M
L 

2
R

 
60

 
0.

07
 

0.
06

 
-0

.7
6 

0.
64

 
0.

68
 

-1
.4

2 
0.

03
 

0.
06

 
-0

.0
4 

0.
05

 
 

70
 

0.
07

 
0.

07
 

-0
.7

6 
0.

64
 

0.
68

 
-1

.4
2 

0.
04

 
0.

06
 

-0
.0

3 
0.

05
 

 
80

 
0.

03
 

0.
09

 
-0

.7
7 

0.
63

 
0.

67
 

-1
.4

2 
0.

03
 

0.
06

 
-0

.0
2 

0.
06

 
 

90
 

-0
.0

3 
0.

12
 

-0
.7

7 
0.

62
 

0.
66

 
-1

.4
2 

0.
03

 
0.

05
 

-0
.0

1 
0.

07
 

60
 

-0
.0

1 
0.

02
 

-0
.3

4 
0.

27
 

0.
31

 
-0

.7
3 

-0
.0

2 
0.

01
 

-0
.0

5 
0.

01
 

1β
 

70
 

-0
.0

1 
0.

01
 

-0
.3

4 
0.

27
 

0.
31

 
-0

.7
3 

-0
.0

3 
0.

01
 

-0
.0

4 
0.

01
 

 
80

 
-0

.0
3 

0.
00

 
-0

.3
5 

0.
25

 
0.

30
 

-0
.7

4 
-0

.0
4 

-0
.0

1 
-0

.0
4 

-0
.0

1 
 

90
 

-0
.0

4 
-0

.0
1 

-0
.3

6 
0.

24
 

0.
28

 
-0

.7
5 

-0
.0

5 
-0

.0
2 

-0
.0

2 
-0

.0
4 

60
 

-0
.0

1 
0.

02
 

-0
.1

9 
0.

13
 

0.
14

 
-0

.4
5 

0.
00

 
0.

01
 

-0
.2

0 
0.

01
 

2β
 

70
 

-0
.0

2 
0.

05
 

-0
.1

7 
0.

14
 

0.
15

 
-0

.4
3 

0.
01

 
0.

02
 

-0
.2

0 
0.

03
 

 
80

 
-0

.0
4 

0.
10

 
-0

.1
4 

0.
16

 
0.

16
 

-0
.4

0 
0.

03
 

0.
03

 
-0

.2
0 

0.
06

 
 

90
 

-0
.0

7 
0.

18
 

-0
.0

7 
0.

19
 

0.
18

 
-0

.3
3 

0.
06

 
0.

06
 

-0
.2

2 
0.

11
 

 Ta
bl

e 
6.

 N
um

be
r a

nd
 P

ro
po

rt
io

ns
 o

f C
on

di
tio

ns
 w

ith
 E

ffe
ct

 S
iz

es
 L

es
s t

ha
n 

0.
30

 in
 A

bs
ol

ut
e 

Va
lu

e 
 

 
D

el
et

io
n 

D
et

er
m

in
is

tic
 Im

pu
ta

tio
n 

St
oc

ha
st

ic
 Im

pu
ta

tio
n 

 

St
at

is
tic

 
 

Li
st

w
is

e 
Pa

irw
is

e 
M

ea
n 

SR
 

M
R

 
M

ea
n 

SR
 

M
R

 
M

I 
M

L 

2
R

 
N

 
13

6 
14

0 
24

 
35

 
35

 
5 

14
4 

14
4 

14
3 

14
4 

 
%

 
94

%
 

97
%

 
17

%
 

24
%

 
24

%
 

3%
 

10
0%

 
10

0%
 

99
%

 
10

0%
 

1β
 

N
 

14
4 

14
4 

88
 

97
 

92
 

40
 

14
4 

14
4 

14
4 

14
4 

 
%

 
10

0%
 

10
0%

 
61

%
 

67
%

 
64

%
 

28
%

 
10

0%
 

10
0%

 
10

0%
 

10
0%

 

2β
 

N
 

14
2 

13
4 

89
 

12
0 

11
1 

77
 

14
2 

14
4 

10
6 

14
2 

 
%

 
99

%
 

93
%

 
62

%
 

83
%

 
77

%
 

53
%

 
99

%
 

10
0%

 
74

%
 

99
%

 

 



B
ro

ck
m

ei
er

, K
ro

m
re

y,
 &

 H
og

ar
ty

 

M
ul

tip
le

 L
in

ea
r R

eg
re

ss
io

n 
Vi

ew
po

in
ts

, 2
00

3,
 V

ol
. 2

9(
1)

 
 

24Ta
bl

e 
7.

 S
ta

nd
ar

d 
D

ev
ia

tio
n 

Ra
tio

s f
or

 M
is

si
ng

 D
at

a 
Tr

ea
tm

en
ts

 b
y 

Po
pu

la
tio

n 
C

or
re

la
tio

n 
M

at
ri

x 
 

 
 

D
el

et
io

n 
D

et
er

m
in

is
tic

 Im
pu

ta
tio

n 
St

oc
ha

st
ic

 Im
pu

ta
tio

n 
 

St
at

is
tic

 
R

 M
at

rix
Li

st
w

is
e 

Pa
irw

is
e 

M
ea

n 
SR

 
M

R
 

M
ea

n 
SR

 
M

R
 

M
I 

M
L 

2
R

 
H

ig
h 

1.
28

 
1.

13
 

1.
03

 
1.

08
 

1.
14

 
1.

05
 

1.
13

 
1.

17
 

1.
07

 
1.

10
 

 
Lo

w
 

1.
27

 
1.

12
 

0.
96

 
1.

21
 

1.
22

 
0.

92
 

1.
17

 
1.

18
 

1.
08

 
1.

11
 

1β
 

H
ig

h 
1.

30
 

1.
20

 
1.

04
 

1.
20

 
1.

28
 

1.
09

 
1.

20
 

1.
25

 
1.

18
 

1.
15

 
 

Lo
w

 
1.

30
 

1.
13

 
1.

04
 

1.
17

 
1.

20
 

1.
09

 
1.

20
 

1.
21

 
1.

11
 

1.
12

 

2β
 

H
ig

h 
1.

31
 

1.
16

 
1.

04
 

1.
19

 
1.

24
 

1.
12

 
1.

20
 

1.
23

 
1.

16
 

1.
13

 
 

Lo
w

 
1.

30
 

1.
19

 
1.

03
 

1.
16

 
1.

35
 

1.
05

 
1.

15
 

1.
27

 
1.

03
 

1.
17

 
 Ta

bl
e 

8.
 S

ta
nd

ar
d 

D
ev

ia
tio

n 
Ra

tio
s f

or
 M

is
si

ng
 D

at
a 

Tr
ea

tm
en

ts
 b

y 
Sa

m
pl

e 
Si

ze
 

 
 

 
D

el
et

io
n 

D
et

er
m

in
is

tic
 Im

pu
ta

tio
n 

St
oc

ha
st

ic
 Im

pu
ta

tio
n 

 

St
at

is
tic

 
N

 
Li

st
w

is
e 

Pa
irw

is
e 

M
ea

n 
SR

 
M

R
 

M
ea

n 
SR

 
M

R
 

M
I 

M
L 

2
R

 
50

 
1.

28
 

1.
14

 
1.

00
 

1.
16

 
1.

19
 

0.
99

 
1.

16
 

1.
18

 
1.

07
 

1.
11

 
 

10
0 

1.
27

 
1.

12
 

0.
99

 
1.

14
 

1.
18

 
0.

99
 

1.
15

 
1.

17
 

1.
08

 
1.

10
 

 
20

0 
1.

28
 

1.
12

 
0.

99
 

1.
14

 
1.

18
 

0.
98

 
1.

15
 

1.
17

 
1.

08
 

1.
10

 

1β
 

50
 

1.
33

 
1.

19
 

1.
04

 
1.

22
 

1.
29

 
1.

09
 

1.
23

 
1.

26
 

1.
15

 
1.

16
 

 
10

0 
1.

29
 

1.
16

 
1.

04
 

1.
18

 
1.

23
 

1.
09

 
1.

19
 

1.
22

 
1.

14
 

1.
13

 
 

20
0 

1.
28

 
1.

15
 

1.
04

 
1.

15
 

1.
21

 
1.

10
 

1.
17

 
1.

21
 

1.
14

 
1.

12
 

2β
 

50
 

1.
33

 
1.

20
 

1.
04

 
1.

19
 

1.
34

 
1.

09
 

1.
19

 
1.

28
 

1.
11

 
1.

18
 

 
10

0 
1.

29
 

1.
16

 
1.

04
 

1.
17

 
1.

28
 

1.
08

 
1.

17
 

1.
24

 
1.

09
 

1.
15

 
 

20
0 

1.
28

 
1.

15
 

1.
03

 
1.

17
 

1.
26

 
1.

08
 

1.
17

 
1.

23
 

1.
08

 
1.

14
 



M
is

si
ng

 D
at

a 

M
ul

tip
le

 L
in

ea
r R

eg
re

ss
io

n 
Vi

ew
po

in
ts

, 2
00

3,
 V

ol
. 2

9(
1)

 
25

   Ta
bl

e 
9.

 S
ta

nd
ar

d 
D

ev
ia

tio
n 

Ra
tio

s f
or

 M
is

si
ng

 D
at

a 
Tr

ea
tm

en
ts

 b
y 

Pe
rc

en
ta

ge
 o

f M
is

si
ng

 D
at

a 
 

 
 

D
el

et
io

n 
D

et
er

m
in

is
tic

 Im
pu

ta
tio

n 
St

oc
ha

st
ic

 Im
pu

ta
tio

n 
 

St
at

is
tic

 
Pe

rc
en

t 
Li

st
w

is
e 

Pa
irw

is
e 

M
ea

n 
SR

 
M

R
 

M
ea

n 
SR

 
M

R
 

M
I 

M
L 

2
R

 
10

 
1.

06
 

1.
03

 
1.

00
 

1.
04

 
1.

04
 

1.
01

 
1.

04
 

1.
05

 
1.

02
 

1.
03

 
 

20
 

1.
12

 
1.

06
 

1.
00

 
1.

07
 

1.
08

 
1.

01
 

1.
08

 
1.

09
 

1.
04

 
1.

05
 

 
30

 
1.

20
 

1.
09

 
1.

00
 

1.
11

 
1.

14
 

1.
00

 
1.

12
 

1.
14

 
1.

06
 

1.
08

 
 

40
 

1.
29

 
1.

13
 

0.
99

 
1.

16
 

1.
19

 
0.

99
 

1.
17

 
1.

19
 

1.
08

 
1.

11
 

 
50

 
1.

43
 

1.
19

 
0.

98
 

1.
22

 
1.

28
 

0.
96

 
1.

23
 

1.
25

 
1.

11
 

1.
15

 
 

60
 

1.
57

 
1.

25
 

0.
98

 
1.

29
 

1.
36

 
0.

95
 

1.
28

 
1.

32
 

1.
14

 
1.

20
 

1β
 

10
 

1.
06

 
1.

04
 

1.
01

 
1.

04
 

1.
05

 
1.

03
 

1.
05

 
1.

06
 

1.
03

 
1.

03
 

 
20

 
1.

12
 

1.
07

 
1.

02
 

1.
08

 
1.

10
 

1.
06

 
1.

09
 

1.
11

 
1.

06
 

1.
06

 
 

30
 

1.
21

 
1.

12
 

1.
03

 
1.

13
 

1.
17

 
1.

08
 

1.
15

 
1.

18
 

1.
11

 
1.

11
 

 
40

 
1.

31
 

1.
18

 
1.

05
 

1.
19

 
1.

24
 

1.
11

 
1.

21
 

1.
25

 
1.

16
 

1.
15

 
 

50
 

1.
46

 
1.

25
 

1.
06

 
1.

28
 

1.
37

 
1.

13
 

1.
29

 
1.

34
 

1.
22

 
1.

21
 

 
60

 
1.

63
 

1.
33

 
1.

07
 

1.
38

 
1.

51
 

1.
14

 
1.

38
 

1.
44

 
1.

28
 

1.
27

 

2β
 

10
 

1.
06

 
1.

04
 

1.
01

 
1.

04
 

1.
06

 
1.

03
 

1.
05

 
1.

06
 

1.
02

 
1.

04
 

 
20

 
1.

12
 

1.
08

 
1.

02
 

1.
08

 
1.

12
 

1.
05

 
1.

09
 

1.
12

 
1.

03
 

1.
07

 
 

30
 

1.
21

 
1.

13
 

1.
03

 
1.

13
 

1.
20

 
1.

08
 

1.
14

 
1.

20
 

1.
06

 
1.

12
 

 
40

 
1.

31
 

1.
18

 
1.

04
 

1.
19

 
1.

29
 

1.
10

 
1.

19
 

1.
27

 
1.

09
 

1.
16

 
 

50
 

1.
47

 
1.

26
 

1.
05

 
1.

27
 

1.
45

 
1.

11
 

1.
26

 
1.

37
 

1.
14

 
1.

23
 

 
60

 
1.

64
 

1.
35

 
1.

07
 

1.
36

 
1.

63
 

1.
13

 
1.

33
 

1.
48

 
1.

20
 

1.
30

 



B
ro

ck
m

ei
er

, K
ro

m
re

y,
 &

 H
og

ar
ty

 

M
ul

tip
le

 L
in

ea
r R

eg
re

ss
io

n 
Vi

ew
po

in
ts

, 2
00

3,
 V

ol
. 2

9(
1)

 
 

26 Ta
bl

e 
10

. S
ta

nd
ar

d 
D

ev
ia

tio
n 

Ra
tio

s f
or

 M
is

si
ng

 D
at

a 
Tr

ea
tm

en
ts

 b
y 

Pe
rc

en
ta

ge
 o

f M
is

si
ng

ne
ss

 in
 th

e 
U

pp
er

 S
tr

at
um

 
 

 
 

D
el

et
io

n 
D

et
er

m
in

is
tic

 Im
pu

ta
tio

n 
St

oc
ha

st
ic

 Im
pu

ta
tio

n 
 

St
at

is
tic

 
Pe

rc
en

t 
Li

st
w

is
e 

Pa
irw

is
e 

M
ea

n 
SR

 
M

R
 

M
ea

n 
SR

 
M

R
 

M
I 

M
L 

2
R

 
60

 
1.

27
 

1.
12

 
0.

99
 

1.
15

 
1.

18
 

0.
99

 
1.

15
 

1.
17

 
1.

08
 

1.
10

 
 

70
 

1.
28

 
1.

12
 

0.
99

 
1.

15
 

1.
18

 
0.

99
 

1.
15

 
1.

17
 

1.
08

 
1.

10
 

 
80

 
1.

28
 

1.
12

 
0.

99
 

1.
15

 
1.

18
 

0.
99

 
1.

15
 

1.
17

 
1.

08
 

1.
10

 
 

90
 

1.
28

 
1.

13
 

0.
99

 
1.

15
 

1.
18

 
0.

98
 

1.
15

 
1.

17
 

1.
07

 
1.

10
 

1β
 

60
 

1.
30

 
1.

16
 

1.
04

 
1.

18
 

1.
24

 
1.

09
 

1.
20

 
1.

23
 

1.
14

 
1.

14
 

 
70

 
1.

30
 

1.
16

 
1.

04
 

1.
18

 
1.

24
 

1.
09

 
1.

20
 

1.
23

 
1.

14
 

1.
14

 
 

80
 

1.
30

 
1.

17
 

1.
04

 
1.

18
 

1.
24

 
1.

09
 

1.
20

 
1.

23
 

1.
14

 
1.

14
 

 
90

 
1.

30
 

1.
17

 
1.

04
 

1.
18

 
1.

24
 

1.
09

 
1.

20
 

1.
23

 
1.

14
 

1.
14

 

2β
 

60
 

1.
30

 
1.

17
 

1.
04

 
1.

18
 

1.
29

 
1.

08
 

1.
18

 
1.

25
 

1.
09

 
1.

15
 

 
70

 
1.

30
 

1.
18

 
1.

04
 

1.
18

 
1.

29
 

1.
09

 
1.

18
 

1.
25

 
1.

09
 

1.
15

 
 

80
 

1.
30

 
1.

17
 

1.
04

 
1.

18
 

1.
29

 
1.

08
 

1.
18

 
1.

25
 

1.
09

 
1.

15
 

 
90

 
1.

31
 

1.
17

 
1.

03
 

1.
18

 
1.

30
 

1.
08

 
1.

18
 

1.
25

 
1.

09
 

1.
15

 
 Sa

m
pl

in
g 

Er
ro

r I
nf

la
tio

n 
 

Th
e 

di
st

rib
ut

io
ns

 o
f 

th
e 

st
an

da
rd

 d
ev

ia
tio

n 
ra

tio
s 

fo
r 

R2  i
n 

sa
m

pl
es

 f
ro

m
 h

ig
h 

an
d 

lo
w

 c
or

re
la

tio
n 

m
at

ric
es

 a
re

 p
re

se
nt

ed
 i

n 
Fi

gu
re

s 
7 

an
d 

8,
 

re
sp

ec
tiv

el
y.

 T
he

 le
as

t i
nf

la
tio

n 
of

 s
am

pl
in

g 
er

ro
r 

w
as

 s
ee

n 
w

ith
 th

e 
m

ea
n 

im
pu

ta
tio

n 
pr

oc
ed

ur
es

 (
bo

th
 d

et
er

m
in

is
tic

 a
nd

 s
to

ch
as

tic
), 

w
hi

le
 th

e 
la

rg
es

t 
in

cr
ea

se
 w

as
 s

ee
n 

w
ith

 th
e 

lis
tw

is
e 

de
le

tio
n 

ap
pr

oa
ch

. W
ith

 th
e 

ex
ce

pt
io

n 
of

 so
m

e 
co

nd
iti

on
s o

bs
er

ve
d 

w
ith

 th
e 

lis
tw

is
e 

de
le

tio
n 

pr
oc

ed
ur

e,
 th

e 
in

cr
ea

se
 in

 
sa

m
pl

in
g 

er
ro

r d
id

 n
ot

 e
xc

ee
d 

50
%

 a
cr

os
s 

an
y 

of
 th

e 
co

nd
iti

on
s 

ex
am

in
ed

. S
om

ew
ha

t g
re

at
er

 in
cr

ea
se

s 
in

 s
am

pl
in

g 
er

ro
r w

er
e 

ev
id

en
t f

or
 th

e 
re

gr
es

si
on

 
w

ei
gh

ts
 (s

ee
 F

ig
ur

es
 9

 a
nd

 1
0 

fo
r t

he
 e

st
im

at
io

n 
of

 
1β
, a

nd
 F

ig
ur

es
 1

1 
an

d 
12

 fo
r t

he
 e

st
im

at
io

n 
of

 
2β

). 
 

Th
e 

av
er

ag
e 

in
fla

tio
n 

of
 s

am
pl

in
g 

er
ro

r w
as

 s
im

ila
r a

cr
os

s 
th

e 
tw

o 
po

pu
la

tio
n 

m
at

ric
es

 (s
ee

 T
ab

le
 7

) a
nd

 a
cr

os
s 

th
e 

sa
m

pl
e 

si
ze

s 
ex

am
in

ed
 (s

ee
 T

ab
le

 
8)

, w
ith

 s
lig

ht
ly

 le
ss

 in
fla

tio
n 

ob
se

rv
ed

 w
ith

 la
rg

er
 s

am
pl

es
. I

n 
co

nt
ra

st
, t

he
 in

fla
tio

n 
w

as
 d

ire
ct

ly
 re

la
te

d 
to

 th
e 

pr
op

or
tio

n 
of

 m
is

si
ng

 d
at

a 
(s

ee
 T

ab
le

 9
). 

Fo
r 

ex
am

pl
e,

 a
ll 

of
 th

e 
M

D
Ts

 e
vi

de
nc

ed
 m

in
im

al
 s

am
pl

in
g 

er
ro

r 
in

fla
tio

n 
w

he
n 

on
ly

 1
0%

 o
f 

th
e 

da
ta

 w
er

e 
m

is
si

ng
 (

fo
r 

th
es

e 
co

nd
iti

on
s, 

th
e 

gr
ea

te
st

 
in

cr
ea

se
 in

 s
am

pl
in

g 
er

ro
r a

cr
os

s 
pa

ra
m

et
er

s 
an

d 
ac

ro
ss

 m
et

ho
ds

 w
as

 o
nl

y 
6%

). 
H

ow
ev

er
, a

s 
th

e 
pr

op
or

tio
n 

of
 m

is
si

ng
 d

at
a 

in
cr

ea
se

d,
 th

e 
sa

m
pl

in
g 

er
ro

r 
al

so
 in

cr
ea

se
d 

fo
r a

ll 
of

 th
e 

M
D

Ts
 w

ith
 th

e 
ex

ce
pt

io
n 

of
 th

e 
m

ea
n 

im
pu

ta
tio

n 
pr

oc
ed

ur
es

 in
 th

e 
es

tim
at

io
n 

of
 R

2 . F
or

 b
ot

h 
th

e 
st

oc
ha

st
ic

 a
nd

 d
et

er
m

in
is

tic
 

m
ea

n 
im

pu
ta

tio
n 

ap
pr

oa
ch

es
, t

he
 s

am
pl

in
g 

er
ro

r d
ec

re
as

ed
 a

s t
he

 p
ro

po
rti

on
 o

f m
is

si
ng

 d
at

a 
in

cr
ea

se
d.

 F
in

al
ly

, s
am

pl
in

g 
er

ro
r i

nf
la

tio
n 

w
as

 n
ot

 a
ss

oc
ia

te
d 

w
ith

 th
e 

pr
op

or
tio

n 
of

 m
is

si
ng

 d
at

a 
th

at
 o

cc
ur

re
d 

in
 th

e 
up

pe
r s

tra
tu

m
 o

f e
ac

h 
re

gr
es

so
r (

se
e 

Ta
bl

e 
10

). 
  



Missing Data 

Multiple Linear Regression Viewpoints, 2003, Vol. 29(1) 27

Discussion and Conclusions 
 Researchers in many fields are often confronted with challenges regarding appropriate methods for 
dealing with missing data. This issue continues to be a pervasive concern for applied researchers 
conducting inquiries across a multitude of research contexts.  If missing data are ignored or improperly 
handled, resulting parameter estimates are likely to be biased, inferences distorted and conclusions 
unsubstantiated. Our investigation was designed to inform the treatment of nonrandomly missing data 
across a variety of commonly encountered situations in the conduct of multiple regression analysis. In this 
vein, we examined the influence of various configurations of missing data across two predictor variables. 
We studied two distinct correlational structures (both low and high correlations among variables) and 
three levels of sample size (small, medium and large). Missing data were simulated by varying the 
proportion of missingness in the upper stratum of each variable (i.e., above the median in most instances) 
and the total percentage of missingness. 
  The influence of the degree of relationship between the variables under investigation was negligible 
for the deletion procedures, but rather substantial for the deterministic procedures. When the influence of 
sample size was examined, the deletion procedures appeared relatively unaffected, yet sample size 
evidenced a dramatic effect on the deterministic procedures and the stochastic mean imputation 
procedures, with larger sample sizes resulting in rather substantially biased estimates. For most of the 
conditions examined, the influence of the proportion of missing data in the upper stratum had little effect 
on most of the missing data treatment methods. As expected, the most problematic conditions appeared to 
be those in which the proportion of missing data in the upper stratum was high, coupled with a large 
percentage of missing data. 
  The influence of missing data on sample estimates of R2 varied considerably among the missing data 
techniques across the conditions examined. In many instances, nonbiased parameter estimates were 
evidenced for the two stochastic regression approaches and the maximum likelihood estimation method. 
Both pairwise and listwise deletion methods and the multiple imputation approach were nearly as 
effective, yielding relatively few conditions presenting some degree of bias. In contrast, the stochastic 
mean substitution approaches and all three deterministic approaches evidenced considerable bias, 
suggesting that these methods should be avoided when faced with missing data of this nature. Similar 
patterns were observed for these four missing data treatments for both the high and low correlation 
matrices, however, the bias associated with these procedures was more pronounced when the variables 
were more highly correlated. 
  If we turn our attention to the estimation of the regression parameters, we find that both deletion 
procedures, the stochastic regression approaches and the two model-based methods (i.e., multiple 
imputation and maximum likelihood estimation) consistently yielded unbiased estimates of the 
standardized regression weight for X1. Once again, the three deterministic procedures and the stochastic 
mean imputation procedure showed a similar pattern of bias across both the high and low correlation 
matrices, but for these analyses, bias was considerably less pronounced for the high correlation matrix 
conditions. 
  Of interest is the notably different pattern inherent in the bias associated with the estimation of the 
standardized regression weight for X2. For the high correlation matrix conditions, the same four 
procedures evidenced extreme bias, but surprisingly the multiple imputation procedure exhibited 
substantial negative bias. In contrast, multiple imputation evidenced very little bias for the lower 
correlation condition across the various treatments and conditions. 
  When we consider the results from this examination of ten missing data treatments under various 
conditions of missing data on two predictors, we find no convincing evidence to recommend any of the 
deterministic procedures or the stochastic mean imputation approach as valid approaches to dealing with 
issues of missing data. On the contrary, the results reported here provide substantial evidence that these 
methods should be avoided. However, these results suggest that the use of stochastic regression methods, 
multiple imputation techniques and maximum likelihood estimation warrant careful consideration under 
many circumstances. Further, the simple deletion methods performed relatively well in many conditions. 
Although the stochastic multiple regression imputation approach performed the best over all of the 
conditions examined, the simpler deletion methods may be sufficient in many circumstances. 
  The results of this study need to be considered in the context of the limitations of this research. First, 
the findings are somewhat narrowly focused on a two-predictor multiple regression model. The success of 
these methods in more complex situations, such as factor analysis or path analysis remains uncertain, 
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although recent work suggests promise for the maximum likelihood approach in structural equation 
modeling (Enders, 2001). Clearly, additional research is called for to examine these methods, as well as 
others, in multiple contexts under supplementary conditions. Second, the structure of the missing data was 
such that the missingness was balanced across the two predictors, and the missingness was never allowed 
to occur across both predictors for any observation. Additionally, the behavior of the missing data 
techniques was explored for only two correlational structures. The nature and structure of the simulated 
data sets may additionally limit the ability to generalize the results beyond the conditions examined. 
Further, the simulated data used in this study were multivariate normal. The success of these missing data 
treatments with nonnormal distributions will require additional research. Finally, the focus of this work 
was on bias and sampling error of R2 and standardized regression weights. The impact of missing data and 
their treatment on Type I error rates, statistical power, and the accuracy of confidence intervals 
constructed around parameter estimates requires additional investigation. 
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An Empirical Comparison of Regression Analysis  
Strategies with Discrete Ordinal Variables 

 
   Jeffrey D. Kromrey            Gianna Rendina-Gobioff 

University of South Florida 
The Type I error control and statistical power of three tests of regression models incorporating discrete ordinal 
variables were compared in a Monte Carlo study. Samples were generated from populations measured on discrete 
ordinal variables representing 5-point and 7-point response scales. Each sample was analyzed using ordinary least 
squares regression, ordinal multiple regression and cumulative logit models. Factors examined in the Monte Carlo 
study were the population effect size, number of regressor variables, level of regressor intercorrelation, population 
distribution shape and sample size. Results suggest that the logistic regression approach evidenced poor Type I error 
control with small samples or with large numbers of regressors. In contrast, both the ordinary least squares approach 
and the ordinal multiple regression approach evidenced good Type I error control across the majority of conditions 
examined. Further, the power differences between these approaches were negligible. 
 

common response format for the measurement of many variables in the social sciences is a 
forced-choice, ordinal scale. For example, data may be collected using a Likert scale in which 
respondents indicate the extent of their agreement or disagreement with a stimulus. Similarly, 
ordinal rating scales may be used to obtain ratings by participants regarding their perceptions of 

the frequency or intensity of a target phenomenon. 
The level of measurement of this type of variable and the appropriate statistical techniques for the 
analysis of such data have been the subject of debate for many years. Stevens (1951) defined four levels 
of measurement (nominal, ordinal, interval and ratio) and the appropriateness of their use within statistical 
analyses.  The subsequently published literature presents conflicting views about the use of parametric 
statistics with such discrete ordinal variables.  Critics of Stevens have proposed that ordinal data can be 
treated as interval data when parametric statistics are employed (e.g., Borgatta & Bohrnstedt, 1980; Gaito, 
1980).   In contrast, some researchers have proposed alternative analyses that are purported to more 
appropriately represent the discrete ordinal nature of such data (Agresti & Finlay, 1997; Cliff, 1994, 
1996; Long, 1999), while others have recommended a rescaling of such data to provide a closer 
approximation to interval-level measurement (Harwell & Gatti, 2001).  The long-standing debate about 
how to treat ordinal variables in statistical analyses is fueled by the need within the social sciences to 
accurately answer research questions in which measures are obtained using a discrete ordinal response 
scale.   
 The purpose of this study was to investigate available analysis options for ordinal level data in the 
context of multiple regression analysis, and to empirically compare the performance of these analysis 
options.  Multiple regression was the focus of this study because it has proven to be a useful, general 
purpose tool for data analysis encompassing the analysis of variance and analysis of covariance as special 
cases. As stated above, the literature reflects disagreement about appropriate analyses of discrete ordinal 
data.  Therefore, one purpose of our work is to raise researchers’ awareness of multiple regression 
analysis options with discrete ordinal variables.  Further, the literature base is lacking empirical studies 
that investigate factors of the research context (such as effect size, number of regressors, sample size, and 
level of measurement) that may affect the performance of the analysis options.  Therefore, a second 
purpose was to compare the performance of three analysis options with various manipulations of factors 
under controlled conditions.     
 

Analysis Options with Discrete Ordinal Variables 
 Through the years, ordinal data have been analyzed using a variety of models, including ordinary 
least squares regression, variants of logistic regression analysis, and techniques developed specifically for 
ordinal-level analyses. Each of these methods will be briefly described. 
 
  Ordinary Least Squares. Ordinary least squares regression (OLS) analysis essentially ignores the 
discreteness and the ordinal level of measurement of variables, treating all values as if they represented a 
continuous interval-level measure. The well-known general linear model in matrix form is given by 

= +y Xb ε  , 

A 
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   where  y is an n x 1 vector of values for the dependent variable, 
    X is an n x (k + 1) matrix of observations on the k regressor variables augmented with a unit  
     vector to provide an intercept,  
    b is a (k + 1) x1 vector of regression coefficients, and  
    ε is an n x 1 vector of residuals.   
 
The OLS regression coefficients are obtained as: 

1ˆ ( )−= T Tb X X X y  . 
Hypothesis tests associated with OLS regression are typically of the form 0 : 0iH β = , where iβ is the 
parameter associated with one of the elements of the vector b. This test is conducted by obtaining the ratio 
of the parameter estimate to its standard error and comparing that ratio to a t distribution with df = n – k – 
1. A simultaneous test that all of the iβ parameters are equal to zero (equivalent to the test that the 
population squared multiple correlation coefficient is equal to zero) is obtained by calculating the ratio 

( )
( )

2

21
1

R
kF

R
n k

=
−

− −

 

and comparing the result to an F distribution with df = k, n – k – 1. 
 
 Ordinal Multiple Regression. Cliff (1994) presented an ordinal multiple regression strategy (OMR) 
and Long (1999) provided a method for estimating confidence intervals around the parameters of this 
model. The OMR model was developed to predict the ordinal information (that which Cliff refers to as  
“dominance”) in a criterion variable, based upon the observed ordinal information among the predictor 
variables. That is, OMR predicts the dominance scores on the criterion variable (dihy) by weighting the 
observed dominance scores on the regressor variables (dihx). The dominance scores are given as 

( )ihx i hd sign x x= − , 
taking the value of 1 if the ith observation has a higher “score” on X than does the hth observation, a value 
of –1 if the score on X is lower, and a value of zero if the two observations are tied on X. The weights for 
the OMR model are obtained as 

1−= x yw T t  
 where w is a k X 1 vector of regression weights, 
   Tx is a k X k matrix of Kendall tau-a correlation coefficients among the regressors, and 
    ty is a k X 1 vector of tau-a correlations between the regressors and the criterion  variable.  
 
Confidence intervals and hypothesis tests about the OMR weights (w) are conducted using the standard 
normal (z) distribution. That is, the confidence interval for the jth weight, described by Long (1999) is 
wj±Z(1-α/2) ˆwjσ  and a test of the null hypothesis that the population weight is zero is conducted by dividing 
the sample weight by its standard error and comparing the ratio to a critical value of Z. 
 
 Logistic Regression. A cumulative logit model for ordinal criterion variables (LR) was described by 
Agresti and Finlay (1997). The LR analysis models the probability of a value on the dependent variable 
being in the jth category or lower, that is, modeling ( )P y j≤ based on the values of predictor variables. In 
logit form, the model is 

( )
( )

log j

P y j
X

P y j
α β

 ≤
= +  > 

 

 where jα is the intercept for the jth category of the ordinal response, and 
   β is a k X 1 vector of regression weights for the predictors. 
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Parameter estimates for the LR models are usually obtained using maximum likelihood methods. 
Inference in the cumulative logit model is conducted using Wald tests for the individual regression 
parameters (ratios of the estimates to their standard errors), and likelihood ratio tests to obtain a 
simultaneous test that all parameters are equal to zero. 
 

Method 
  This research was a Monte Carlo study in which random samples were generated under known and 
controlled population conditions. In the Monte Carlo study, samples were generated from populations of 
discrete ordinal variables. In each sample the data were analyzed using the OLS, OMR, and cumulative 
logit regression approaches. 
  The Monte Carlo study included six factors in the design. These factors were (a) the true population 
effect size of the individual regressors (populations were simulated with effect sizes corresponding to 
small, medium and large values of Cohen’s effect size f 2, as well as a null condition (effect size of zero), 
(b) number of regressor variables (with k = 2, 5 and 10 regessors), (c) correlation between regressor 
variables (with r12 = .10 and .30), (d)  sample sizes (with n = 5*k, 10*k and 100*k), (e) level of 
measurement of variables (discrete, ordinal variables were investigated as 5-option response scales, and 7-
option response scales), and (f) population distribution shape  (conditions were simulated in which the 
discrete ordinal variables were uniform, unimodal symmetric, and unimodal skewed). 
 
  Generation of Pseudo-populations. Because the population parameters corresponding to regression 
weights in the models being investigated for discrete ordinal data cannot be determined analytically, the 
simulation study was conducted by generating a pseudo-population for each condition, then drawing 
random samples with replacement from these pseudo-populations. The pseudo-populations consisted of 
10,000 observations randomly generated from the corresponding population (level of discreteness of the 
measurements, distribution shape and degree of relationship between the regressors and the criterion 
variable).  
  The data were generated by transforming uniform random variates obtained from the RANUNI 
function in SAS, using a modification of the technique described by Bradley and Fleisher (1994), and 
operationalized by Ferron, Yi, and Kromrey (1997). In this method, a population correlation matrix, R, 
based on discrete ordinal variables is constructed by an iterative process in which large simulated samples 
(n = 100,000) are generated from an approximation of R, ( )R . The observed correlation matrix obtained 

from this large sample ( )R̂  is compared elementwise to R, and the residuals ( )ˆR R− are used to adjust the 

generating matrix R . This sequence of large sample generation, matrix estimation, and adjustment of 
R continues until the process converges. The resulting matrix, R , is used as a template to generate 
correlated discrete data for the Monte Carlo study. 
  Each analysis model was calculated on all observations in these pseudo-populations providing values 
that served as the corresponding population parameters. The Monte Carlo simulation was then conducted 
by randomly sampling observations, with replacement, from these pseudo-populations. 
The research was conducted using SAS/IML version 8.1. Conditions for the study were run under 
Windows 98. Discrete random variables were generated using the RANUNI function of SAS.  A different 
seed value was used in each execution of the program and the program code was verified by hand-
checking results from benchmark datasets. 
 For each condition investigated, 5,000 samples were generated. The use of 5,000 samples provides 
adequate precision for the investigation of the sampling behavior of these statistics. For example, 5,000 
samples provides a maximum 95% confidence interval width around an observed proportion that is 
± .014 (Robey & Barcikowski, 1992). 
 The relative performance of the analysis strategies was evaluated by a comparison of the Type I error 
control and statistical power of the tests of regression coefficients. Estimates of Type I error control and 
statistical power were obtained by conducting the hypothesis tests associated with each parameter of each 
analytical model. For the OLS and LR models, the simultaneous test that all regression parameters is 
equal to zero was also conducted. The proportion of rejections of hypothesis tests for conditions in which  
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FIGURE 1: Distribution of Type I Error Rate Estimates for Tests of Individual Regression Coefficients 
 
the population parameter is zero provided an estimate of Type I error control. Similarly, the proportion of 
rejections of such tests for conditions in which the parameter is not zero provided an estimate of statistical 
power. 
 

Results 
Type I Error Control 
 Box-and-whisker plots in Figure 1 depict the distribution of Type I error rate estimates for tests of 
individual regression weights across the conditions examined in the research. The figure clearly portrays a 
higher typical Type I error rate for the LR analysis method, relative to the OMR and OLS methods. The 
tails of the plot for the LR method range from .02 to .12, with half ranging from .06 to .08. The OMR 
method exhibits the most consistent Type I estimates, with the majority of estimates at .06.  The OLS 
method is similar to the OMR with tails ranging from .04 to .07, with half ranging from .05 to .06.  
 Estimates of Type I error rates for the tests of individual regression weights in samples from the 
unimodal symmetric population are presented in Table 1.  Overall the 5-point scale and 7-point scale 
exhibited few differences across the three analysis methods for all conditions.  With two regressors and 
small sample size, the Type I error rate for the LR analysis method was lower than the OMR and OLS 
analysis methods.  For example, with a 5-point scale, k=2, r12=.30, and n=10, the estimated Type I error 
rate for OMR was .07, for OLS was .05, and for LR was .04.  However, with more than 2 regressors and 
small to medium sample sizes, the Type I error rate was higher for LR when compared to OLS and OMR.  
For example, with a 5-point scale, k=10, r12=.10, and n=50, the estimated Type I error rate for LR (.09) 
was higher than OMR (.05) and OLS (.05) .  The OMR method had slightly higher Type I error rates with 
2 regressors when compared to its performance with 5 and 10 regressors. 
 The analysis methods provided similar results across models with five and ten regressors, with LR 
consistently having higher Type I error rates than OMR or OLS. The OMR and OLS methods for small, 
medium, and larger sample sizes exhibited similar Type I error rates, which ranged from .05 to .07. In 
contrast the LR analysis method for small and medium sample sizes exhibited a higher Type I error rate, 
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5-point Scale        Analysis Method 
k r12 N OMR OLS LR 
2 .10 10 0.08 0.06 0.04 
  20 0.07 0.05 0.06 
  200 0.06 0.06 0.06 
 .30 10 0.07 0.05 0.04 
  20 0.06 0.05 0.06 
  200 0.06 0.06 0.06 
5 .10 25 0.06 0.05 0.08 
  50 0.06 0.06 0.07 
  500 0.06 0.06 0.06 
 .30 25 0.06 0.05 0.09 
  50 0.06 0.06 0.07 
  500 0.06 0.06 0.06 
10 .10 50 0.05 0.05 0.09 
  100 0.06 0.06 0.08 
  1000 0.06 0.06 0.07 
 .30 50 0.05 0.05 0.10 
  100 0.06 0.06 0.08 
  1000 0.06 0.07 0.07 
7-point Scale        Analysis Method 
k r12 N OMR OLS LR 
2 .10 10 0.08 0.05 0.05 
  20 0.06 0.05 0.06 
  200 0.06 0.05 0.06 
 .30 10 0.07 0.05 0.05 
  20 0.06 0.05 0.06 
  200 0.06 0.06 0.05 
5 .10 25 0.06 0.06 0.09 
  50 0.06 0.05 0.07 
  500 0.06 0.06 0.06 
 .30 25 0.06 0.05 0.09 
  50 0.06 0.06 0.08 
  500 0.05 0.05 0.05 
10 .10 50 0.06 0.05 0.05 
  100 0.06 0.06 0.07 
  1000 0.05 0.05 0.05 
 .30 50 0.06 0.06 0.10 
  100 0.06 0.06 0.08 

  1000 0.07 0.06 0.07 
 

which ranged from .06 to .10.  For the small sample conditions, the LR method provided slightly higher 
Type I error rates with 10 regressors than with 5 regressors (although it remained liberal with small 
samples in both conditions). For example, with a 7-point scale, k=10, r12=.30, and n=50, the estimated 
Type I error rate for LR was .10.  In contrast, with k = 5, r12=.30, and n = 25, the Type I error rate 
estimate for LR dropped to .09. The LR method evidenced better Type I error control as the sample size 
increased.  For example, with a 7-point scale, k=5, r12=.30, the LR method was .09 with the small sample, 
.08 with the medium sample, and .05 with the large sample. 
 The Type I error rate estimates for tests of individual regression weights in selected conditions across 
distribution shapes are presented in Table 2. The three distribution shapes (unimodal symmetric, uniform, 

Table 1. Type I Error Rate Estimates for Tests of Individual Regression Weights with Unimodal Symmetric Populations 
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Table 2. Type I Error Rates Estimates for Tests of Individual Regression Weights Across Distribution Shapes. 

5-point Scale Symmetric Uniform Skewed 

k r12 N OMR OLS LR OMR OLS LR OMR OLS LR 
2 .10 10 0.08 0.06 0.04 0.07 0.04 0.05 0.08 0.05 0.02 
  20 0.07 0.05 0.06 0.07 0.05 0.07 0.07 0.05 0.05 
 .30 10 0.07 0.05 0.04 0.07 0.06 0.05 0.08 0.05 0.02 
  20 0.06 0.05 0.06 0.06 0.05 0.06 0.07 0.05 0.05 

5 .10 25 0.06 0.05 0.08 0.06 0.06 0.09 0.06 0.05 0.08 
  50 0.06 0.06 0.07 0.06 0.05 0.07 0.06 0.05 0.07 
 .30 25 0.06 0.05 0.09 0.06 0.05 0.09 0.06 0.06 0.07 
  50 0.06 0.06 0.07 0.07 0.06 0.08 0.06 0.05 0.06 

10 .10 50 0.05 0.05 0.09 0.05 0.05 0.09 0.06 0.05 0.09 
  100 0.06 0.06 0.08 0.05 0.05 0.07 0.05 0.05 0.07 
 .30 50 0.05 0.05 0.10 0.05 0.05 0.09 0.04 0.09 0.12 
  100 0.06 0.06 0.08 0.05 0.05 0.07 0.05 0.05 0.07 

7-point Scale Symmetric Uniform Skewed 

k r12 N OMR OLS LR OMR OLS LR OMR OLS LR 
2 .10 10 0.08 0.05 0.05 0.08 0.05 0.07 0.07 0.04 0.04 
  20 0.06 0.05 0.06 0.06 0.05 0.07 0.06 0.05 0.06 
 .30 10 0.07 0.05 0.05 0.08 0.05 0.07 0.07 0.06 0.04 
  20 0.06 0.05 0.06 0.06 0.05 0.06 0.07 0.05 0.06 

5 .10 25 0.06 0.06 0.09 0.05 0.05 0.09 0.06 0.05 0.08 
  50 0.06 0.05 0.07 0.06 0.05 0.07 0.06 0.06 0.07 
 .30 25 0.06 0.05 0.09 0.05 0.05 0.09 0.06 0.06 0.08 
  50 0.06 0.06 0.08 0.06 0.05 0.07 0.06 0.05 0.07 

10 .10 50 0.06 0.05 0.05 0.05 0.05 0.09 0.06 0.06 0.10 
  100 0.06 0.06 0.07 0.06 0.06 0.07 0.06 0.06 0.08 
 .30 50 0.06 0.06 0.10 0.05 0.05 0.10 0.05 0.09 0.12 
  100 0.06 0.06 0.08 0.06 0.06 0.08 0.06 0.06 0.07 

 
and skewed) yielded similar Type I error rates for all three analysis methods.  For example, with the 7-
point scale, k=5, r12=.10, and n=25, the estimated Type I error rate ranged from .05 to .06 across the 
distribution shapes for the OMR and OLS analysis method.  Similarly, for the LR analysis method the 
estimated Type I error rate ranged from .08 to .09 across the distribution shapes. 
 Figure 2 contains box-and-whisker plots depicting the distribution of Type I error rate estimates for 
simultaneous tests of regression coefficients. The LR method portrays a wide range of estimates, .00 to 
.18, with half ranging from .00 to .09.  The OLS method portrays a much smaller range of estimates, .04 
to .07, with half ranging from .05 to .06.  Thus the OLS method exhibits a much smaller type I error rate 
for simultaneous tests of regression coefficients across all research conditions. 
 Table 3 presents the estimates of Type I error rates for the simultaneous test of all regression weights 
when samples were drawn from the unimodal symmetric populations. As evident in this table, the LR 
method evidenced substantially greater variability in Type I error control for this test than did the OLS 
method.  Specifically, the LR method was very conservative in conditions with both k = 2 and k = 5 and 
was liberal with k = 10, with Type I error rates reaching as high as .14 (with the 7-point scale, k = 10, 
r12=.3, and n=50).  The OLS method maintained Type I error rates near the nominal level across these 
conditions, with larger estimates in the larger sample size and 10k conditions.  The Type I error rates for 
these tests across distribution shapes (Table 4) indicated a slight increase in Type I error rates for the OLS 
method when samples were drawn from the 7 point, 10 regressors, symmetric and skewed distributions, 
relative to the rates obtained from the uniform distribution. However, these higher rates remained very 
close to the nominal alpha level and did not exceed .09. 
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FIGURE 2: Distribution of Type I Error Rate Estimates for Simultaneous Test of Regression Coefficients 

 
Statistical Power 
 The distribution of estimates of statistical power for the tests of regression weights across the 
conditions examined in this research are presented as box-and-whisker plots in Figure 3. As is evident in 
this figure, most of the conditions examined yielded relatively low power and the power differences 
across analysis methods was not great. However, the LR analysis method provided slight power 
advantages relative to OMR and OLS analyses (a result that should be expected because of its tendency to 
be liberal in Type I error control). 
 Power estimates for the tests of individual regression weights with samples drawn from the three 
distribution shapes are presented in Tables 5 and 6. Few differences were evident between the analyses of 
variables with 5 points and those with 7 points. With small effect sizes (f 2 = .02) the power estimates for 
all analysis methods ranged from .04 to .12.  With large effect sizes (f 2 = .35), modest but greater power 
differences were evident across the analysis methods. With a small number of regressors (k = 2), the 
OMR method evidenced power advantages over the OLS and LR methods with small samples. With a 5-
point scale, f 2 = .35, k = 2, r12 = .10,  and n = 10, for example, the statistical power of the OMR method 
was estimated to be .19, while the power estimates of the OLS and LR methods were .15 and .09, 
respectively (Table 5). These slight power advantages of the OMR method disappeared with larger 
samples and larger numbers of regressors (conditions in which the LR approach evidenced modest power 
advantages). The differences in statistical power between tests conducted on samples from unimodal 
symmetric, uniform, and skewed distributions are negligible. For example, with the 7-point response 
scale, f 2 = .35, k = 5, r12 = .10, and n = 50, the power estimates for the OMR method ranged from .21 for 
the skewed population to .28 for the uniform population (Table 6). Similarly, the power estimates for 
OLS ranged only from .28 to .31, and those of the LR method ranged from .32 to .35. 
 The distribution of power estimates for simultaneous tests of regression coefficients across all 
research conditions is presented with box-and-whisker plots in Figure 4. The OLS method evidenced a 
slight power advantage over the LR method. Power estimates for the simultaneous test of all regression 
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Table 3. Estimates of Type I Error Rate for Simultaneous Tests of All Regression Weights with  
Unimodal Symmetric Populations 

  5-Point Scale  7-Point Scale 
   Analysis Method  Analysis Method 

k r12 N OLS LR  OLS LR 

2 .10 10 0.05 0.01  0.05 0.01 
  20 0.05 0.00  0.04 0.00 
  200 0.06 0.00  0.06 0.00 

.30 10 0.05 0.00 0.05 0.01
  20 0.05 0.00  0.05 0.00 
  200 0.05 0.00  0.06 0.00 

5 .10 25 0.05 0.01  0.06 0.01 
  50 0.06 0.01  0.06 0.01 
  500 0.08 0.00  0.07 0.00 

.30 25 0.06 0.01 0.05 0.02
  50 0.05 0.01  0.08 0.01 
  500 0.08 0.01  0.05 0.00 

10 .10 50 0.06 0.11 0.07 0.13
  100 0.06 0.10  0.06 0.09 
  1000 0.08 0.08  0.08 0.08 

.30 50 0.06 0.14 0.07 0.14
  100 0.07 0.10  0.07 0.10 
  1000 0.10 0.10  0.08 0.09 

weights with samples drawn from unimodal symmetric, uniform, and skewed populations are presented in 
Tables 7 and 8. With a small effect size (.02) and k = 2 or k = 5, the LR test provided rejection rates less 
than the nominal alpha level across most conditions. For the OLS test, similarly low power levels were 
observed except for large samples (and power estimates were still less than .50 for these conditions). As 
expected, with larger effect sizes the power estimates for both methods increased. The OLS method 
evidenced substantially greater power than the LR method for k = 2 and k = 5, while the LR method 
evidenced smaller power advantages for k = 10. A comparison of power estimates across distribution 
shapes suggests that population shape is not a major influence on the power of either the OLS or the LR 
method. 
 

Conclusions 
 Surprisingly few and relatively small differences were evident among the OMR, OLS and LR 
methods in terms of their Type I error control and statistical power in tests of their respective weights. 
The OMR approach, while accurately representing the ordinal nature of the discrete response scales and 
discrete regressor variables, provided neither superior Type I error control nor superior statistical power. 
In contrast, the LR analysis evidenced Type I error control problems with small sample sizes or large 
numbers of regressors, conditions in which the Wald tests of the logistic regression weights became 
liberal. Although this analysis method presents modest power advantages relative to OMR and OLS, such 
power comes at a cost of relatively tenuous Type I error control. Finally, the surprisingly good 
performance of the OLS approach suggests that researchers who approach the analysis of discrete ordinal 
data (such as individual Likert items) with OLS tools should feel no guilt in such a tactic. The Type I 
error control in tests conducted of the OLS regression weights was as good as that obtained with tests of 
OMR weights and was superior to tests obtained in the LR context. Further, the statistical power 
evidenced with OLS was comparable or superior to that of OMR. 
 Of course, testing hypotheses about weights obtained in these models are only a small part of the 
inferential machinery applied to discrete ordinal data. Additional research is needed to focus on the 
relative bias in sample estimates of weights for OMR, OLS, and LR models and on the accuracy of 
confidence bands constructed around the sample estimated weights. Furthermore, research conducted on 
models that present a mixture of discrete ordinal variables and continuous variables is needed in order to 
explore the relative performance of these models in such a context. Finally, the substantive nature of the  
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Table 4. Type I Error Rate Estimates for Simultaneous Tests of All Regression Weights Across Distribution 
Shapes. 

5-point Scale Symmetric  Uniform  Skewed 

k r12 N OLS LR  OLS LR  OLS LR 
2 .10 10 0.05 0.01  0.05 0.00  0.05 0.00 
  20 0.05 0.00  0.06 0.00  0.05 0.00 
 .30 10 0.05 0.00  0.06 0.01  0.05 0.01 
  20 0.05 0.00  0.05 0.00  0.05 0.00 

5 .10 25 0.05 0.01  0.06 0.02  0.05 0.01 
  50 0.06 0.01  0.06 0.00  0.05 0.01 
 .30 25 0.06 0.01  0.06 0.01  0.05 0.01 
  50 0.05 0.01  0.06 0.01  0.05 0.01 

10 .10 50 0.06 0.11  0.05 0.12  0.05 0.12 
  100 0.06 0.10  0.05 0.09  0.06 0.09  
 .30 50 0.06 0.14  0.04 0.13  0.04 0.14 
  100 0.07 0.10  0.05 0.09  0.05 0.12 

7-point Scale Symmetric  Uniform  Skewed 

k r12 N OLS LR  OLS LR  OLS LR 
2 .10 10 0.05 0.01  0.05 0.00  0.05 0.00 
  20 0.04 0.00  0.05 0.00  0.05 0.00 
 .30 10 0.05 0.01  0.05 0.01  0.06 0.01 
  20 0.05 0.00  0.05 0.00  0.05 0.00 

5 .10 25 0.06 0.01  0.04 0.01  0.04 0.01 
  50 0.06 0.01  0.05 0.00  0.06 0.01 
 .30 25 .0.05 0.02  0.05 0.01  0.06 0.02 
  50 0.08 0.01  0.05 0.00  0.06 0.01 

10 .10 50 0.07 0.13  0.05 0.12  0.07 0.15 
  100 0.06 0.09  0.06 0.09  0.09 0.12 
 .30 50 0.07 0.14  0.05 0.15  0.05 0.17 
  100 0.07 0.10  0.05 0.09  0.06 0.13 

inferences suggested by these models requires attention from the perspective of psychometrics. That is, 
the OMR model provides a vehicle for inferences about the ordinal position of observations on the 
criterion variable, while the LR model estimates the probability of an observation being “in category j or 
lower” on the criterion variable. In contrast, the OLS model provides a prediction of the criterion value as 
though it was a continuous variable (i.e., seeking to minimize the sum of squared errors of prediction). In 
addition (although not analyzed in this research study), methods for determining both the strength and 
direction of the response have been proposed (Jones & Sobel (2000); Brody & Dietz (1997) . These types 
of inferences have obvious substantive differences, and the validity of such inferences extends beyond the 
estimation of Type I error rates and statistical power. 
 In conclusion, this study has sought to bring increased awareness and clarity to three analysis options 
for multiple regression with discrete ordinal variables.  The social sciences often focus on variables which 
are measured with ordinal scales (most commonly Likert scales).  Unfortunately, the appropriate 
application of multiple regression with discrete ordinal data has been insufficiently addressed in the 
literature.  There are many reasons for this paucity of treatment of the issue: general debates continue 
about the treatment of ordinal data with statistics, the breadth of analysis options are spread among 
numerous sources, and the consequences of analysis choice in terms of Type I error control and statistical 
power has not been thoroughly investigated.  The current study presents three analysis options within the 
literature and clarifies their differences with the hopes of both increasing the appropriate analysis of 
discrete ordinal variables and stimulating additional methodological research in this area. 
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FIGURE 3: Distribution of Statistical Power Estimates for Tests of Individual Regression Coefficients 
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FIGURE 4: Distribution of Statistical Power Estimates for Simultaneous Test of Regression Coefficients 
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Table 5. Estimates of Statistical Power for Tests of Individual Regression Weights Across Distribution Shapes.  
5 Point Likert  Symmetric Uniform Skewed 

Effect k r12 N OMR OLS LR OMR OLS LR OMR OLS LR
.02 2 .10 10 0.09 0.06 0.04 0.09 0.05 0.04 0.08 0.06 0.03 

   20 0.09 0.07 0.09 0.08 0.06 0.08 0.08 0.07 0.07 

  .30 10 0.09 0.06 0.04 0.09 0.05 0.03 0.08 0.07 0.03 
   20 0.08 0.07 0.08 0.10 0.08 0.10 0.07 0.08 0.08 

 5 .10 25 0.07 0.06 0.09 0.07 0.06 0.10 0.06 0.06 0.09 
   50 0.08 0.07 0.09 0.08 0.07 0.09 0.07 0.07 0.08 

  .30 25 0.06 0.05 0.09 0.07 0.05 0.09 0.05 0.11 0.11 
   50 0.11 0.10 0.12 0.06 0.06 0.07 0.05 0.08 0.08 

 10 .10 50 0.07 0.06 0.10 0.06 0.06 0.10 0.06 0.06 0.10 
   100 0.07 0.07 0.09 0.07 0.06 0.08 0.06 0.07 0.09 

  .30 50 0.06 0.05 0.09 0.05 0.05 0.09 0.04 0.10 0.15 
   100 0.07 0.06 0.08 0.06 0.06 0.08 0.05 0.07 0.09 

.35 2 .10 10 0.19 0.15 0.09 0.18 0.16 0.12 0.18 0.19 0.08 
   20 0.34 0.34 0.37 0.31 0.32 0.35 0.28 0.35 0.36 

  .30 10 0.19 0.14 0.07 0.17 0.14 0.10 0.14 0.18 0.07 
   20 0.30 0.27 0.30 0.33 0.31 0.34 0.25 0.31 0.30 

 5 .10 25 0.15 0.16 0.22 0.13 0.14 0.20 0.13 0.19 0.23 
   50 0.27 0.30 0.34 0.24 0.26 0.29 0.22 0.33 0.36 

  .30 25 0.11 0.11 0.16 0.10 0.10 0.15 0.07 0.19 0.17 
   50 0.20 0.20 0.23 0.18 0.18 0.21 0.11 0.23 0.22 

 10 .10 50 0.11 0.14 0.19 0.11 0.13 0.19 0.09 0.15 0.19 
   100 0.21 0.24 0.28 0.21 0.24 0.28 0.16 0.25 0.27 

  .30 50 0.07 0.08 0.14 0.05 0.08 0.14 0.04 0.19 0.19 
   100 0.11 0.12 0.15 0.09 0.12 0.17 0.05 0.18 0.17 
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Table 6. Estimates of Statistical Power for Tests of Individual Regression Weights Across Distribution Shapes. 
7 point Likert  Symmetric Uniform Skewed 

Effect k r12 N OMR OLS LR OMR OLS LR OMR OLS LR
.02 2 .10 10 0.08 0.06 0.06 0.08 0.05 0.07 0.08 0.06 0.04 

   20 0.08 0.07 0.09 0.08 0.07 0.09 0.07 0.07 0.08 

  .30 10 0.08 0.05 0.05 0.08 0.06 0.07 0.09 0.07 0.04 
   20 0.08 0.07 0.08 0.08 0.06 0.08 0.09 0.08 0.08 

 5 .10 25 0.07 0.06 0.10 0.07 0.06 0.10 0.07 0.08 0.11 
   50 0.07 0.07 0.09 0.07 0.07 0.09 0.07 0.08 0.09 

  .30 25 0.06 0.05 0.09 0.06 0.05 0.09 0.05 0.09 0.11 
   50 0.07 0.07 0.09 0.06 0.06 0.08 0.06 0.07 0.10 

 10 .10 50 0.06 0.06 0.11 0.06 0.06 0.10 0.06 0.06 0.10 
   100 0.08 0.07 0.09 0.07 0.07 0.09 0.07 0.07 0.09 

  .30 50 0.06 0.05 0.09 0.05 0.06 0.10 0.04 0.14 0.18 
   100 0.06 0.06 0.08 0.06 0.06 0.08 0.04 0.09 0.09 

.35 2 .10 10 0.18 0.15 0.12 0.18 0.16 0.17 0.16 0.20 0.10 
   20 0.32 0.33 0.37 0.33 0.34 0.38 0.26 0.36 0.37 

  .30 10 0.18 0.13 0.09 0.17 0.14 0.14 0.12 0.15 0.10 
   20 0.31 0.28 0.31 0.29 0.28 0.32 0.25 0.32 0.32 

 5 .10 25 0.14 0.14 0.20 0.14 0.16 0.23 0.12 0.18 0.22 
   50 0.26 0.28 0.32 0.28 0.31 0.35 0.21 0.31 0.34 

  .30 25 0.12 0.11 0.16 0.11 0.11 0.17 0.07 0.19 0.18 
   50 0.20 0.18 0.22 0.19 0.19 0.22 0.13 0.24 0.24 

 10 .10 50 0.11 0.13 0.19 0.11 0.13 0.19 0.10 0.16 0.21 
   100 0.21 0.23 0.28 0.22 0.25 0.28 0.18 0.26 0.28 

  .30 50 0.07 0.08 0.14 0.07 0.09 0.16 0.04 0.19 0.20 
   100 0.12 0.13 0.16 0.12 0.13 0.18 0.05 0.19 0.19 
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Table 7. Estimates of Statistical Power for Simultaneous Tests of All Regression Weights Across 
Distribution Shapes. 

5 Point Likert Symmetric Uniform Skewed 
Effect k r12 N OLS LR OLS LR OLS LR

.02 2 .10 10 0.07 0.01 0.05 0.01 0.07 0.01
   20 0.08 0.00 0.08 0.00 0.07 0.00

  .30 10 0.06 0.01 0.05 0.01 0.08 0.01
   20 0.07 0.00 0.09 0.00 0.09 0.00

 5 .10 25 0.06 0.01 0.08 0.03 0.08 0.02
   50 0.11 0.01 0.13 0.02 0.12 0.01

  .30 25 0.06 0.02 0.06 0.02 0.10 0.02
   50 0.35 0.18 0.08 0.01 0.13 0.02

 10 .10 50 0.10 0.18 0.08 0.16 0.11 0.17
   100 0.14 0.18 0.13 0.17 0.15 0.17

  .30 50 0.09 0.20 0.06 0.19 0.17 0.19
   100 0.15 0.22 0.10 0.16 0.17 0.23

.35 2 .10 10 0.21 0.02  0.22 0.03  0.28 0.02 
   20 0.53 0.04   0.50 0.03  0.53 0.04 

  .30 10 0.22 0.03  0.22 0.02  0.26 0.02 
   20 0.52 0.04  0.55 0.04  0.54 0.04 

 5 .10 25 0.44 0.20  0.42 0.18  0.54 0.24 
   50 0.85 0.56  0.80 0.49  0.87 0.58 

  .30 25 0.51 0.27  0.38 0.18  0.52 0.22 
   50 0.90 0.66  0.84 0.52  0.86 0.52 

 10 .10 50 0.74 0.87  0.72 0.84  0.73 0.82 
   100 0.99 1.00  0.99 0.99  0.98 0.99 

  .30 50 0.69 0.84  0.71 0.89  0.75 0.81 
   100 0.98 0.99  0.99 1.00  0.99 0.99 
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Table 8. Estimates of Statistical Power for Simultaneous Tests of All Regression Weights Across 
Distribution Shapes. 

7 Point Likert Symmetric Uniform Skewed 
Effect k r12 N OLS LR OLS LR OLS LR

.02 2 .10 10 0.06 0.00 0.06 0.01 0.07 0.01
   20 0.08 0.00 0.09 0.00 0.09 0.00

  .30 10 0.06 0.01 0.06 0.00 0.08 0.00
   20 0.08 0.00 0.08 0.00 0.12 0.00

 5 .10 25 0.07 0.02 0.07 0.02 0.14 0.03
   50 0.11 0.02 0.10 0.02 0.13 0.02

  .30 25 0.06 0.02 0.08 0.02 0.10 0.03
   50 0.11 0.02 0.09 0.01 0.13 0.02

 10 .10 50 0.08 0.17 0.08 0.19 0.11 0.18
   100 0.13 0.20 0.14 0.20 0.15 0.19

  .30 50 0.06 0.14 0.06 0.18 0.08 0.18
   100 0.10 0.14 0.10 0.16 0.19 0.22

.35 2 .10 10 0.20 0.02 0.22 0.02 0.27 0.02
   20 0.51 0.03 0.52 0.03 0.54 0.04

  .30 10 0.20 0.02 0.23 0.02 0.23 0.03
   20 0.53 0.05 0.51 0.04 0.56 0.05

 5 .10 25 0.40 0.18 0.46 0.21 0.49 0.22
   50 0.81 0.52 0.86 0.58 0.84 0.55

  .30 25 0.45 0.23 0.44 0.21 0.56 0.25
   50 0.85 0.58 0.86 0.55 0.88 0.55

 10 .10 50 0.68 0.82 0.70 0.82 0.76 0.84
   100 0.98 0.99 0.99 1.00 0.98 0.99

  .30 50 0.74 0.88 0.76 0.89 0.82 0.87
   100 0.99 1.00 1.00 1.00 0.99 1.00
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A Strategy for Addressing the Validity  
of a Teacher Effectiveness Instrument 

 
      Dale Shaw                       Suzanne Young  
 University of Northern Colorado            University of Wyoming 
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     University of Northern Colorado   University of Northern Colorado 
This paper deals with the validation of an objective teacher effectiveness instrument for rating the classroom 
effectiveness of college and university teachers. It includes a description of how the instrument was developed and 
the process by which validity evidence for the instrument was generated and analyzed via regression and factor 
analyses. 
 

he purpose of this study was to create a research-based teacher evaluation instrument and analyze 
data gathered with it to obtain validity evidence for its use as a measure of college and university 
teacher effectiveness.  Institutions use such instruments to collect student ratings of teachers for 
one or more of the following purposes: (1) to provide teachers with feedback for improving their 

teaching, (2) to provide students with information they may use to select future courses and instructors, 
and (3) to provide administrators and faculty with a measure of a teacher's effectiveness that may inform 
their decisions about a faculty member's tenure, promotion, or retention (Marsh & Dunkin, 1992).  
Typically the validation of such an instrument requires several studies dealing with at least two aspects of 
validity: (1) to determine the degree to which obtained ratings reflect the true feelings of students, which 
is important for the first and second purposes above, and (2) to establish the degree to which the items 
collectively capture, or truly do measure, the construct of teacher effectiveness, which is important to the 
third purpose.  The focus of this paper is on those aspects of validity that surround the instrument's use for 
the third purpose, that is, to provide a measure of teacher effectiveness.  
  This paper consists of an explanation of how the instrument was developed and a description of how 
data were collected and analyzed for validity evidence.  First, items were developed that met two or more 
of the following three criteria: (1) the item is used prevalently in other teacher rating instruments, (2) the 
item bears a high relationship to the global construct of teacher effectiveness as evidenced in previous 
research, or (3) it is a key item in a previously developed teacher effectiveness model (i.e., McKay, 1997).  
In her model of teacher effectiveness, McKay argues that the three most important items to include in a 
teacher rating instrument are subject matter knowledge, teacher enthusiasm, and communication skills.  
Second, data were gathered about college and university teachers from former students in an effort to 
acquire data about teachers from the entire spectrum of teacher effectiveness.  Third, these data were 
submitted to regression and factor analyses.  Evidence of the instrument's construct validity could be 
indicated in several ways, including: (1) high multiple correlation coefficients between a global score and 
the collection of items or subsets of the items suggested by previous teacher effectiveness models (i.e., 
McKay, 1997), (2) high factor loadings in the first extracted principle component suggesting that the 
items provide a common measure of a unitary construct, (3) obtaining a meaningful factor structure 
consistent with the work of other teacher effectiveness researchers (Marsh, 1991; Marsh & Hocevar, 
1984, 1991; Abrami, d’Apollonia, & Rosenfield,1997). 
 

Instrument Development 
  One hundred twenty-five different items were gleaned from objective teacher effectiveness 
instruments described in research studies published since 1985.  Only items that were demonstrated to be 
correlates of teacher effectiveness in the studies wherein students provided ratings of teachers were 
selected for our study.  In all we found 44 studies that identified items that were teacher effectiveness 
correlates. This pool of one hundred twenty-five items was analyzed for duplicates and near-duplicates, 
and was edited to achieve a uniformity of presentation in style and format.  Twenty-five items from this 
pool were retained for further consideration.  We relied heavily on the works of Feldman (1976, 1984, & 
1986), Murray (1980), Erdle, Murray, & Rushton (1985) and Marsh (1987) as we sought to assess the 
adequacy of the twenty-five items to collectively capture the construct of teacher effectiveness. The 
twenty-five items include all but two of the nineteen instructional rating dimensions that Feldman (1976) 

T 
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identified in his classic teacher effectiveness review study as well as two additional items recommended 
by Murray (1980).  These items are teacher’s interest in the course, enthusiasm, subject matter 
knowledge, breadth of subject coverage, preparation and organization, presentation skills, speaking skills, 
sensitivity to student achievement, clarity of objectives, value of the course, value of supplementary 
materials, classroom management, course difficulty including appropriateness of workload, fairness, 
value and frequency of feedback, openness, encouragement and challenge, respect and friendliness, 
availability, clear explanations and encouragement of student participation. 
  A pilot study of the twenty-five-item instrument led us to conclude that, at twenty-five items, the 
instrument was much too long to be practical.  An eleven-item version was developed from the twenty-
five-item version by selecting in large part those items that bore the highest relationships with teacher 
effectiveness while still covering the spectrum of issues captured in the original item pool.  The eleven 
items are presented in Table 1.  In the form for administering the items, a 9-interval rating scale from 1 to 
9 with anchors 1 (Very Low), 3 (Low), 5 (Average), 7 (High), and 9 (Very High) followed the 
presentation of each item. 
 Data for addressing the validity of the instrument were obtained from students in 22 undergraduate 
and graduate classes who were asked to rate three professors of their choice from whom they had taken a 
course in the recent past.  The students were given a brief training regarding halo effect and leniency 
effect in ratings and admonished to not succumb to these rater errors as they filled out the instrument.  
They were also asked to select professors to rate from a variety of points along the teacher effectiveness 
continuum to the extent that it was possible for them to do so.  In a cover sheet, the students were given 
written instructions regarding the study and an overall or global rating item to be filled out for each 
instructor that they planned to rate on subsequent rating forms.  The global item, that served as the 
criterion variable in the regression analyses below, was worded “Everything considered, I would rate the 
instructor’s effectiveness” and was rated on the same 1 to 9 scale as the 11 items.   In all, 1082 useable 
cases were obtained from 384 students.  These data was submitted to regression and factor analyses in an 
effort to acquire evidence of the 11-item instrument’s validity to measure college and university teacher 
effectiveness.  
 
Regression analysis 
  Table 2 presents information about 4 regression models.  The first model is the complete model 
derived from the data collected in this study by regressing the global score onto all eleven items. An R2 of 
0.8918 was obtained for this model indicating that 89% of the variance in the global scores is accounted  
 

Table 1.  Instrument Items 
           Item Name                                        Actual Wording on the Instrument         
  1. Subject matter knowledge  The instructor’s subject matter knowledge 
  2. Communication skills   The effectiveness of the instructor’s communication skills 
  3. Enthusiasm      The instructor’s enthusiasm for teaching 
  4. Comfortable atmosphere  The degree to which the instructor created a  
            comfortable learning atmosphere 
  5. Respectful of students   The degree to which the instructor was respectful of students 
  6. Warm and friendly    The instructor’s warmth and friendliness 
  7. Motivate & stimulate   The degree to which the instructor was motivating and stimulating 
  8. Concern for learning    The instructor’s genuine concern for student learning 
  9. Increased interest    The degree to which the course increased my interest in the subject 
10. Increased understanding   The degree to which the course increased  
            my understanding of concepts 
11. Course organization    The degree to which the course was well organized 
 
  Global Item      Everything considered, I would rate the  
           instructor’s effectiveness 
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Table 2.  Regression Models 
  Item             Complete        Feldman        Young/Shaw         McKay 
Subject matter knowledge     X*    X        X  
Communication skills     X    X    X    X  
Enthusiasm        X    X        X  
Comfortable atmosphere    X   
Respectful of students     X    X 
Warmth and friendliness     X    X  
Motivate and stimulate     X    X    X               
Concern for learning      X    X    X 
Increased interest      X  
Increased understanding     X        X 
Course organization      X    X    X   
R2                             0.8918           0.8659     0.8788     0.7877  
*  An X indicates that the item is included in the model. 
 
for by this eleven-item instrument.  The multiple correlation coefficient for the global score and the best 
linear combination of the 11 items is 0.9444 indicating that the global score and the eleven-item 
instrument score bear a very high relationship to each other.  Considering the criteria used to select items 
for inclusion in the instrument, this is compelling validity evidence.  The 11-item instrument does indeed 
capture the construct of overall teacher rating extremely well. 
  Additional validity evidence is provided by the Feldman, Young/Shaw, and McKay models presented 
in Table 2.  Of the 11 items in the instrument, eight were among those that Feldman identified as being 
used prevalently in teacher evaluation instruments at many colleges and universities.  To the extent that 
an item’s prevalence of use in other scales serves as a validity criterion for its inclusion in this teacher 
effectiveness scale, the subset of eight commonly used items identified by Feldman alone accounts for 
almost 87% (R2 = 0.8659) of the variance in the global ratings.  This provides further substantial evidence 
of the eleven-item instrument’s validity.  In a like manner, the Young/Shaw and McKay models offer 
additional validity evidence.  These authors have demonstrated that communication skills, instructor 
enthusiasm, subject matter knowledge, and ability to motivate and stimulate students are among the most 
important items to include in a teacher effectiveness instrument (Young & Shaw, 1999 and McKay, 
1997).  The 5-item subset of Young/Shaw and the 3-item subset of McKay account for 88% and 79% of 
the variance in global scores, respectively.  Regarding the validity of the eleven-item instrument 
developed in this study, validity is evident in that the instrument contains subsets of items, known to have 
validity as measures of teacher effectiveness in their own right, that bear high relationships to the global 
score. 
 
Factor analysis 
  Factor analysis was used to extract the first principal component from the data in an effort to ascertain 
the degree to which the eleven-item instrument captures a single, unitary construct.  The results are 
presented in the first column in Table 3.  With the single exception of subject matter knowledge that had a 
moderate loading, loadings are high to very high providing substantial evidence that the eleven-item 
instrument is indeed capturing a unitary construct of teacher effectiveness.  The items were also factored 
to determine whether the unitary dimension would sub-divide into two or more factors.  A five-factor 
solution, with well-identified factors that is easily interpreted, is presented in Table 3.  The single 
dimension of teacher effectiveness in this study subdivides into 5 factors: instructor’s subject knowledge; 
course organization; instructor communication skills, enthusiasm and ability to motivate; increased 
student interest and understanding; and instructor’s general regard for, and treatment of, students.  This 
sub-division of the overall dimension of teacher effectiveness into two or more (in this case, five) factors 
closely matches factor structures reported by other teacher effectiveness researchers (Marsh ,1991; Marsh 
and Hocevar, 1984 and 1991; Abrami, d’Apollonia, & Rosenfield,1997).   
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Table 3.  Factor Analysis Results 
             First Principal       Rotated Five Factor Orthogonal Solution   
  Item           Component     F1   F2   F3   F4   F5 
Subject matter knowledge    .553            .937*   
Course organization      .726          .847 
Communication skills     .861        .606  
Motivate and stimulate     .891        .617 
Enthusiasm        .835        .736  
Increased interest      .820      .831 
Increased understanding     .815      .819 
Comfortable atmosphere    .868    .724 
Respectful of students     .834    .866 
Warmth and friendliness     .796    .860 
Concern for learning      .870    .647 
*  Loadings less than .500 are not reported. 
 

Results and Discussion 
  Our findings consist of the following two statements:  1) the 11 items capture 89% of the variation in 
overall teacher ratings indicating that the instrument does indeed capture a very large portion of the 
variation in teacher ability, and 2) the 11 items have high loadings on a single factor indicating the extent 
to which the instrument is indeed unidimensional, however, the items do subdivide as expected into five, 
easily interpreted sub-factors, some of which deal more with the instructor and the others more with 
course-related matters. These findings provide substantial validity evidence for the eleven-item 
instrument.  In general, the evidence is compelling.  Our conclusion is that the instrument indeed appears 
to capture the construct of teacher effectiveness very well. 
  This work has resulted in the development of a teacher effectiveness instrument to which is attached a 
substantial body of validity evidence.  This instrument may ultimately prove to be a viable teacher-rating 
instrument for use in a college or university, however, it is important to point out that its intent is to 
calibrate teacher effectiveness as a global construct.  It may or may not be very useful as a device for 
providing teachers with itemized student feedback or students with information for their future 
scheduling.  However, of possibly greater value than the creation of a single instrument, is the process by 
which the instrument was developed and validated.  This process may be used again with different or 
modified item bases or underlying dimensions of teacher effectiveness.  
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